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f (.(+b5Wf 
z ∈ T S.]$(So φ +\?&'(gfY

´kÑ µ-¶Õ· ¬N¸ «:¹9¯±¬lº-®±¹»H­	¹ ¶m¼ ²|«:½ºN¯±¬ ¼¾ ¹tº ¶ ¸]°¹®±¹¿¸]¬l®JÀ
o¹9ÌÍ¸3¬pc¯J¹ ´
;h´
; ÎrqsF A  B?ûöE 3þut@Xö öõ0úWv A [UmúE "ü
 A ÿÕ÷kø^]_ 3þw<õO_ýXú_üø@_öÿx A _ýD÷KT±ö A W@ ]ÿB÷köE ý L2(D) ü3öE
Lφ : D(Lφ) ⊆ L2(D) −→ L2(D)
f 7−→ Lφf = φf.y ú^û~ûI÷köE ýõOù_öNý÷K
L2(T)





















































g+.]$(U/W=g+(4+,-on$56æ  Ã s.cY +ÚfÆ çY
»7~ · ­'¬9ÌÍ¹ ´<;v´
;0Ñ  ú_ü3ø@öÿL A H_úE[ øX÷K L2(T) ÷föE ý?õ A þVûIwûIwý;ÿ A  ú_ü3ø@ö	ÿL A S÷XT±ö A [ ]ÿ{ýwþDÿ{ý A õO;û\@ ]ÿ{ý































z ∈ T s$^(_$^0








/`$-L(\f.'0  Y  Y Á s/h#e.'g+(_$l+(
Lφ
! g;a3c.]$(á
Lφ : D(Lφ) ⊆ L2(T) −→ L2(T)
f 7−→ Lφf = φf
´<;`É ¸ «l¬^²°¹9º-®±¹nmp¸'¯±¬N¹9ª'« ´ ³
+Su+(,g")!9f,$^0"! +fY]±f (U ?+k0+(
n
s f$zá
 Ot n ≥ 0 $^/( Men = MLne1e0 = Lne1Me0 = Lne1φ = enφ = φen = Lφen Y















































S&'f(\g1:s.]$^(S/`$-Õ(.'fo0f  Y  Y Á s
φ
/h#e<$hY 
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D$^,-4+")A05(\9!  (\1/0+?,$^(2+?! 1G±$(\+56æ NÂ s.cY3Ã^çåY
8 ·9 ªj²`«l²|­{ª ´
;|ÉB;v´>= ú^þÿ




· · · · · · · · · · · · · · · · · · · · ·
· · · a0 a−1 a−2 a−3 a−4 · · ·
· · · a1 a0 a−1 a−2 a−3 · · ·
· · · a2 a1 a0 a−1 a−2 · · ·
· · · a3 a2 a1 a0 a−1 · · ·
· · · a4 a3 a2 a1 a−0 · · ·
· · · · · · · · · · · · · · · · · · · · ·


´tî µ-¶Õ· ¬N¸ «:¹9¯±¬lº-®±¹»H­	¹ ¶m¼ ²|«:½ºN¯±¬ ¼¾ ¹tº ¶ ¸]°¹®±¹¿¸]¬l®JÀ
÷kúE ]ÿ±õJwýDø+õoø;ûI@ 3ÿØýD÷F A  BUûI;û\D÷^þåöv5ú öõOBý:úE ]ÿmøxv5ö A  Q T±öWûö^ÿ^;þhù A wý;ÿmö_ükü






Gc=g+f(\4+,-on$5~! 72f! 0g:2+_$0(6 ê-_$k.'(~b5 
2+/`$AfoSnt(_$pæ :Â s .cY3ÃliÅçåY
»7~ · ­'¬9ÌÍ¹ ´<;`ÉB;|É= ú^þØÿ
A = (an)n∈Z A  BzûöÿV;þhù÷KITJö A W@ ]ÿ Q A ÷køV]_ 3þØÿ A  ú_ü3ø@öÿL A -H_úE[ øý A  `2(Z) ýwþÿ<ý A õO;û\@ ]ÿ<ý
F þvõ{þ`ý;ÿL A  CúE ùÿvþhúE  φ H_úE[ øý A  T ÿL+õõJM A  (an)n∈Z wý;ÿHõ0öý A þØÿLA÷K_ý~ù_ú^ù;þu@ ]ÿØý6÷K±ú A wþ?@~÷K φ Qd5efhgji
fk	Ot..'fpb5
A









































. . . . . . . . . . . . . . .
. . . φ̂(0) φ̂(−1) φ̂(−2) . . .
. . . φ̂(1) φ̂(0) φ̂(−1) . . .
. . . φ̂(2) φ̂(1) φ̂(0) . . .




















Y V? ! 98 04+,-2:$^(_$2;g+(\_$l0fÍ! W.'g+(_$l+(\! G±$^(+kW+!9fg+~.]$(
/0W=g+(4+,-on$k~æ  Ã s.cY ÆfÁ çåY
»7~ · ­'¬9ÌÍ¹ ´<;`ÉB; Î    ú_üø@_ö^ÿL A sHúE@ {ø1  ÷K L2(T) ÷kö ýõ A þVû\;ûInwýwÿ A  ú_ü3ø@öÿL A 6÷XT±ö A W@ ]ÿÕýwþÿÕý A õO;ûI[ ]ÿÕýwþjý:öAûö^ÿ^;þhù6÷köE ýõoö¡H_öNý6úE;ÿV¢úE {úE;ûø÷K
L2(T)










aij = 〈Lφej, ei〉 = 〈φej, ei〉,
ai+k,j+k = 〈φejek, ekei〉 = 〈φej, e−kekei〉 = 〈φej, ei〉.

















+\F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$l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(5?þ Q  Q .'f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f./0









(i, j) ∈ Z2.

G¤  %('*#),. /1)¦¥l§\)$¨['*©
8 ·9 ªj²`«l²|­{ª ´
; Î ;v´ R  ìö_ükü
+õ|õOAûö^ÿ^wþåù÷Ksª'úüõ%þØÿ«ÿú A ÿLAûöÿ^wþåù A  3þvõ0ö^ÿø@_öõO¬ûI@ ]ÿLþw ]_ 3þu[UH÷kø^]_ þ?Kü3öE A  Xý A þÿL6÷K ú^û\H@Wwý"ù_ú^û<üõOwý (an)n∈Z ÿHöEZ5öE ]ÿpõ0öC+úEwûIý A þ`öE 3ÿL


a0 a−1 a−2 . . .
a1 a0 a−1 . . .
a2 a1 a0 . . .
. . . . . . . . . . . .


@K,-,-!$W/2:$^1! +W,$^(2+! -G±$^(+kNs0/Õ+\05g(+_$5! Aw$+nk0(




! ~T<\-Q±t./oMæ  Å3s.	Y  çY
»7~ · ­'¬ ÌP¹ ´
; Î ;`É­  Wûöÿ^wþåù"÷K¡ª'úüõþØÿw«
A = (an)n∈Z
÷kø^]_ 3þÿ A  Íú_ü3ø[_öÿx A H_úE@ {øý A  `2(Z+) ýwþ(ÿDý A õO;û\@ ]ÿDý






φ(eiθ)e−inθdθ, n ∈ Z.
q6ö ý~ùAùölý"õoö¯ úEwû\A÷K6õzF ú_ü3ø@öÿL A 7@ °v[ ÷EøUü3ö A wý;ÿBøxv5öõO7±
‖φ‖∞ := supesst∈T |φ(t)|.
´ Ö µ-¶Õ· ¬N¸ «:¹9¯±¬lº-®±¹»H­	¹ ¶m¼ ²|«:½ºN¯±¬ ¼¾ ¹tº ¶ ¸]°¹®±¹¿¸]¬l®JÀ
d5efhgji
f®kXOto






















. . . . . . . . . . . . . . . . . . . . .
. . . a0 a−1 a−2 a−3 a−4 . . .
. . . a1 a0 a−1 a−2 a−3 . . .
. . . a2 a1 a0 a−1 a−2 . . .
. . . a3 a2 a1 a−0 a−1 . . .
. . . a4 a3 a2 a1 a0 . . .










φ ∈ L∞(T) A!3$^A272:$^ ‖Mφ‖ = ‖φ‖∞ Ymm$(~$0//0+(\~f(;i,$^(b5SbkS/`$X,$l(2
A
c#d+\H$ (Sb5U/Sb5]$^(\p0ug+(\(F! (\foF! U/|$X,$l(\`2;
Mφ





φ ∈ L∞(T) $^/(























! 2+ {−(n+ 1),−(n+ 2), . . .} }5+/0/0Dc#d+\U$9(X$^/(Kb5</|$1,$^(2 A st2;Xb5,-5(\1b5-á
‖A‖ = ‖SnMφSn‖,
.'(U 

















(∗)  (∗∗) 0,-./0`b5 +5<b5-á
‖Mφ‖ ≤ ‖A‖, (2)
´<;oÑµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½ ´ 












φ ∈ L∞(T) //0"bk1.'(U ?+50+( n s φ̂(n) = an<!3$^<212:$^?/0+Sg+rk$/0og+ é Nã  é Áfã ! +5<bk ‖A‖ = ‖φ‖∞ Y 
³² ´"!,#*%('&),+1#. /1)¦¥l§¯),¨'&©


















8 ·9 ªj²`«l²|­{ª ´
;0Ñ;`É·= ú^þÿ
Lφ A  Íúü3ø@öÿL A 1÷K¸TJö A W@ ]ÿH_úE[ øDý A  L2(T) Q¹R  ö_üü
+õõOú_ü3ø[_öÿL A W÷K¯ª'úüõþØÿw«÷K?ý[Zû\H_úõO φ ÿpúE - {úÿL Tφ õGF úü3ø@öÿL A W÷kø^]º 3þü3öE
Tφ : H
2(T) −→ H2(T)
















































i ≥ −n Y3TD+! g+! 0<! 32b5
ai = 0
<2:2;c.'f(Uf 
i ∈ Z ?! f32 φ +St/0/0fY?f ?$^//0Unff0(U!3$^U/0W.(t2_=]$^02_=]$^.0(Wb52\X.(.(0ggW(+\Dnt(_$^
.{(S/0+?.'g+(_$l+ (<! 1Q±5+./00M"! ga3 ?(U/å#d+.]$2;"! "EH+(\rf,$^
L2a(D)
Y
?f ~$+nk( nkgWZ[3! 20+98Ó!	#d0\+("!3$^1/`$x(,$(b5on$k-(/
/0+bkc;8 0\+5(/0+?.'g+(_$l(<!91Gj$^(5?<! 1Q±5+./00MfY
o¹9ÌÍ¸]¬p	¯J¹ ´
;oÑ; Î þca = ú^þÿ H A  \wýü3ökùB÷K_¶DþvõOH@;ÿVU K A  ~ý:ú A ý@Gwýü3öfù<C@wûø÷K H ÿ P õ0öü<_ú³»_ùÿvþåú úE;ÿV¢úWvkúE öõOz÷K H ÷köE ý K Q y úE ýwþå÷fø@_úE  ýz÷K A ú_ü3ø@öÿL A wý S ÷X H ÷köE ý H ÿ T ÷K K ÷köE ý H QR  x÷^þØÿ&M A  S wý;ÿ A  B<÷lþvõ0ö	ÿöÿvþåú ÷K








wý;ÿ?õGF úü3ø@öÿL A 
É3Ù µ-¶Õ· ¬N¸ «:¹9¯±¬lº-®±¹»H­	¹ ¶m¼ ²|«:½ºN¯±¬ ¼¾ ¹tº ¶ ¸]°¹®±¹¿¸]¬l®JÀ
÷K-TJö A W@ ]ÿ Lφ ÿ T wý;ÿ~õGF ú_ü3ø[_öÿx A P÷K¿ª]úüõþÿ« Tφ UAöõ0úwý Lφ wý;ÿ A  B÷^þØõ0öÿöÿØþåúE Ó÷K
Tφ Q{R  ÓöõzF þå÷K[ ]ÿvþØÿøCúE ÷kö^û\@ ]ÿöõOý A þ`öE 3ÿL
P+TφP+f = P+LφP+f
ü3ú A 1ÿú A ÿL¹C+úE {ùÿvþåúE  f ÷köE ý L2(T) Qþ|þcaÁÀUú A "ÿú A ÿUùú A üõJA÷KCúE ùÿvþhúE ý f ÿ g ÷köE ý H2(T) úE Óö¡
〈Lφf, g〉 = 〈Tφf, g〉.
½  "^Â¸ÿFù_úlûAû\ f ÿ g ý+úE ]ÿp÷köE ý H2(T) ÿ P ∗+ = P+ ULúE ö6ÿú A ÿF÷K?ý A þØÿxM A 
〈Lφf, g〉 = 〈Lφf, P+g〉 = 〈P+Lφf, g〉 = 〈Tφf, g〉.þ|þþcaÃTF ú_üø@_ö^ÿL A  Tφ wý;ÿmü3úlýwþÿvþÄC"ýwþ¸ÿBý A õO;ûI[ ]ÿBýwþ Lφ _ý;ÿÕü3úNýwþØÿvþÄC Qº½  ÅVÂÿVUù_ú^û~ûI
〈Tφf, f〉 = 〈Lφf, f〉ü3ú A 1ÿú A ÿL¹C+úE {ùÿvþåúE  f ∈ H2(T) UpþØõB`Nþ?@ ]ÿSM A 7
〈Tφf, f〉 ≥ 0, ∀f ∈ H2(T) ⇐⇒ 〈Lφf, f〉 ≥ 0, ∀f ∈ H2(T).
 Íö^þw ]ÿL@ {öE ]ÿFþØõ{ý A ÿU÷X1ûúE ]ÿL@"õGF øM A þ`öõO@ ùWý A þw`öE ]ÿL
〈Lφf, f〉 ≥ 0, ∀f ∈ H2(T) ⇐⇒ Lφ
wý;ÿcü3úNýwþØÿvþÄC
.
ÀUú A Uÿú A ÿ n ∈ Z UjúE \_ö_üfü
+õõO¸M A SõGF ú_üø@_ö^ÿL A  Lne1 _ý;ÿ A  þØÿö^þw Q qnF úEÆXü3ú A ÿú A ÿLCúE ùÿvþhúE  f ∈ H2(T) ÿHÿú A ÿ$@ ]ÿØþ?@ n ∈ Z 
〈Lφf, f〉 ≥ 0 ⇐⇒ 〈Lne1Lφf, Lne1f〉 ≥ 0. Íö^þ`ýU6÷F ö_üPWtwýõJÁªj¢ø_út;û\nÇ Q Ç QbÈ U Lφ ù_úlûAû A ÿLöE`	_ù Le1 Q q"úE {ù~ü3ú A ÿú A ÿLCúE ùÿvþhúE  f ∈ H2(T) ÿHÿú A ÿ$@ ]ÿØþ?@ n ∈ Z ú Óö¡
〈Lφf, f〉 ≥ 0 ⇐⇒ 〈Lne1Lφf, Lne1f〉 ≥ 0 ⇐⇒ 〈LφLne1f, Lne1f〉 ≥ 0.
½  ü3öE;ÿvþhù A õþu@ý_þ f = e0 UKúE *úKHÿvþ?@ 3ÿ$M A 7
〈Lφen, en〉 ≥ 0, ∀n ∈ Z.
R "õJWý:ú A ý@Gwýü3öfù5@ :v@ ÷EøKü3öEõOwý {en}n∈Z wý;ÿK÷K@ ý6÷föE ý L2(T) UH÷F úÆ
〈Lφf, f〉 ≥ 0
üú A <ÿú A ÿL*C+úE {ùÿvþåúE  f ∈ L2(T) UÕùM A þwý;ÿLøM A þ`öõO@ ]ÿ_±÷lþM A  Lφ wý;ÿ A  *ú_ü3ø@öÿL A Bü3úlýwþØÿvþ CXý A  L2(T) QRU+rk$^(! ?,$^05+]$^5?/0+S.(.(0gg+Sg+/0g+,-+kw$^(\+<! /h#e.'g+(_$l+(?! 1Q±5;i
./00MfY
´<;oÑµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½ É	´
Ð1¬N­ ¶ ¬^² · « · º ´<;oÑ;0Ñ öalTF ú_ü3ø@öÿL A 1þh÷K@ ]ÿvþÿø I ÷K H2(T) wý;ÿHõGF ú_üø@_ö^ÿL A ~÷Kª'úüõ%þØÿ«Ó÷Ký[Zû\H_úõO
e0 ¼ õ0ö1C+ú ùÿvþåú  ù_úE ý;ÿöE ]ÿL4M A þ5`ö A ÿ 1 ý A  T aÉÿõGF ú_ü3ø[_öÿx A (  A õwý;ÿKõzF ú_ü3ø@öÿL A ~÷K-ª]úüõþÿ«A÷KWý[Zû\H_úõOÊ QHLalTµF úü3ø@öÿL A W÷K\ª]úüõþÿ«wý;ÿÕõþ øö^þW;ûI@ 3ÿF÷køü
@ {÷köE ]ÿp÷K?ý:úE zý[ZûIH_úõODþ Q  Qýwþ
(α, β) ∈ C2 ÿLýwþ φ wý;ÿ A  BCúE ùÿØþåúE 4H_úE[ ø~öõ0úE_ý Tαφ+β = αTφ + βI QùLalTµF öf÷³»:ú^þw ]ÿ<÷F A  ìú_ü3ø@öÿL A ÷Xsª'úü{õþØÿ« Tφ wý;ÿUõGF ú_üø@_ö^ÿL A -÷Ksª]úüõþÿ«÷Xý[ZûIHúõO
φ̄
U6õJPù_úE » A v A øP÷X φ Q,½  Ë^Â¸ÿ1ý:ú^þu@ ]ÿ f ÿ g ÷X A ¡CúE ùÿvþhúE ý÷köE ý
H2(T) Q qsF ö_üPWtwý1õOUü3ú^þw ]ÿFþþ|þcaz÷K6õoöN¾$;ûöM A NÇ QbÈPQÍÌ ú Óö
〈f, Tφg〉 = 〈f, Lφg〉.
R "õGF ök÷L»:ú^þ 3ÿU÷K6õGF ú_ü3ø@öÿL A  Lφ wý;ÿ Lφ̄ öõ0úE_ý
〈f, Tφg〉 = 〈Lφ̄f, g〉.ÀSöE"õJ1ûI;û\AöE?v A û\@ ]ÿBúE Óö
〈f, Tφg〉 = 〈Tφ̄f, g〉,ÿ6ù_ù;þpü3ú A xÿú A ÿL_ýC+úE ù;ÿvþåúE ý f ÿ g ÷köE ý H2(T) Q y ÎM A þFü<_ú A `hsH;þu@ M A  T ∗φ = Tφ̄ Q÷alTµF ú_ü3ø@öÿL A z÷Kª]úüõ%þØÿ« Tφ wý;ÿ¢Y@wûAþÿvþ?@ Uù<F wý;ÿuG±	\÷lþ T ∗φ = Tφ U?ý_þ;ÿý A õOwûI@ ]ÿAýwþ φ = φ̄ Q½   ÷F ö A ÿ^WwýPÿL@wûIwýÍõzF ú_ü3ø@öÿL A ÷KÏª]úüõþÿ«Á_ý;ÿ¢Y@wûAþØÿvþu@ ýwþÿpý A õO;û\@ ]ÿpýwþmý:úE ý[ZûIHúõO_ý;ÿø+õ QLalT±öSûöÿ^wþåùB÷F A  ú_ü3ø@öÿL A B÷Kª'úüõ%þØÿ«U÷kö ýHõ0öH_ölýBúEÿ¢úE úEwûøU÷X H2(T)wý;ÿ A  Bzûöÿ^wþåù÷KÃª'úüõþØÿ« QS½  £^ÂÿVUDý:úlþØÿ (aij)i,j∈Z+ õoöPûöÿ^wþåù÷F A  ú_ü3ø@öÿL A ÷K¯ª]úüõþÿ« Tφ ÷köE  ýDõ0öNH_ölýúE;ÿV¢úE {úE;ûø (en)n∈Z+ ÷K H2(T) Uöõ0úE_ýBü3ú A 1ÿú A ÿS@ ]ÿvþ?[Bü3úlýwþØÿvþ C k úE *ö1












/],-5( é QB=g+(4+,-?Å3Y  YdÅ3sk.cY Á ÅÅ ã b5?f Hf.'g(_$l+(K! DQJt+./0oM< ( H2(T)+?! /|$~u(,-1! g+.]$(S/`$Dg;a30Ã Y  ÈY





»7~ · ­'¬ ÌP¹ ´
;0Ñ; ³ª]ú A ÿ?úü3ø@_ö^ÿL A NH_ú@ {ø"ý A  H2(T) U ÷kúE ]ÿBõ0öûöÿ^wþåù÷köE ý6õ0öH_ölý1úÿV¢ úE úEwûø÷K
H2(T)
wý;ÿ A  B<ûöÿ^wþåù÷K\ª'úüõþØÿw«[U¹wý;ÿ A  ú_ü3ø@öÿL A ÷Kª'úüõ%þØÿ« Q







〈Tej+1, ei+1〉 = 〈Tej, ei〉 ∀i, j ≥ 0.
j(Xf W+50+(




















n ≥ N s/1+5+(\ i + n  j + n 0+5/"! +98.'fo0uS<! 32



























































lim infn ‖Tnf‖2 ≤ ‖T‖‖f‖2
s32+$( ‖Tn‖ ≤ ‖T‖ Y
´<;oÑµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½ É Î
j(Uf
i, j ∈ {0,±1,±2,± . . .} s$xá










































L0_bk/h#e++,~& /! +6.'/0tYf,-"(0rf,-g(b5+6+\~! +!3$
H2(T)
s















c#d+\H.]$^Hu|f(2g+,-+5F?,$l(2<! <Q±t./oMs5_$ uN#d/3:#$^rfoK! ?/h#e.'g+(_$Ni
+(?t/c! 1/h#e.'g+(_$l(<! +50g6! 
L2a(D)
Y]<2;f./|$2:$^(_$2;g+(\_$l0f! +
f.'g+($^+(1! Q±5+./00M-! g+.]$^(W/0~=g+(4+,-A.(\g:2g:! +k1c#d+\./0Wn$^/|$^&/0




õoö*ûöÿ^wþåùP÷jF A   ú_ü3ø@öÿL A ÷KÐª'úüõþØÿw« Tφ Qy ú^û~ûI@ ]ÿ	ü
 A ÿu\úE s_ø_ù A ü3ø@W@1õOWý[Z^ûIH_úõJ φ ±Xü3öE;ÿvþ6÷K~ùÿvÿLûöÿ^wþåùSÑ ½  4^Â¸ÿ
É Ñ µ-¶Õ· ¬N¸ «:¹9¯±¬lº-®±¹»H­	¹ ¶m¼ ²|«:½ºN¯±¬ ¼¾ ¹tº ¶ ¸]°¹®±¹¿¸]¬l®JÀ
ü3ú A 1ÿú A ÿUùú A üõJA÷F [ ]ÿvþ?@_ýBü3úNýwþØÿvþÄCý (i, j) UKúE *ö1
aij = 〈Tφej, ei〉 = 〈φej, ei〉 = 〈φ, ei−j〉.
y _ù;þº ú A ýBü
@wûI;ÿU÷F öE`ú^þ"õJwý~ù_ú^ù;þ?[ ]ÿØý6÷KCú A wþ?@~÷K φ ü A þ|ýM A 
{
φ̂(i) = 〈Tφe0, ei〉 = ai0
φ̂(−j) = 〈Tφej, e0〉 = a0j.
q"úE ùõOzýZûIH_úõO
φ
_ý;ÿ"õ0öC+úE {ùÿvþåúE ñ÷kúE ]ÿ1õO_ýù_ú^ù;þu@ ]ÿØý÷KIJú A wþ?@÷F þ ÷^þåùWü3úlýwþÿvþÄC1ý:úE 3ÿSõJwý~ÿL@wû\wý-÷KAõ0ö
0
þ?t;ûI-ù_úõ0ú 
 B\;ÿ<ù A ÷F þw ÷^þåù7 {øxv5öÿvþ C1ý:úE 3ÿSõOwýÿL@wûIwýz÷K7õ0ö
0
þ?t;û\zõ%þÒv	 B Q TµF A  3þåùwþØÿø÷K φ wý;ÿölý_ý A _øWNvEÓkù-±õGF A  3þåù;þÿø÷Kwýù_ú^ù;þ?[ ]ÿØý6÷KJú A ;þu@ Q
Ò ­{¬N­ ¼Ø¼ ¸'²¬N¹ ´
;0Ñ; ×ÔTF ú_ü3ø@öÿL A W÷K¯ª]úüõþÿ«?ý A  H2(T) wý;ÿpù_úlûDü3ökù;ÿ±ýwþºÿJý A õO@ûI@ 3ÿpýwþmý:úE ýZûIH_úõOwýwÿ  A õ Qd5efhgji
fkLOt0
Tφ
x.'g+(_$l(U! QJt+./0oM2;f,-.]$2;:Yj Bf U50+(
k ∈ ZSf9?+50+(
n ≥ 0 +/0?b5 n+ k ≥ 0 s f$zá















k ∈ Z sÕÍ.(3! n ≥ sup{Nε,−k} sfnkob5
|φ̂(k)| = |〈φ, ek〉| = |〈Tφen, en+k〉| ≤ ‖Tφen‖2 < ε,!	#eâ
φ̂(k) = 0
.'f (~ 






;0Ñ; Ö   úü3ø@öÿL A ÷K"ª]úüõþÿ«z÷fø^]_ 3þKý A õGF wýü3ökù÷KÕ¸@xvûöE ü
 A ÿÿ^W7ù_ú^û<ü3ökùÿBý:öE ýIM A Aý:úE Óý[Z^ûIH_úõOAý:ú^þÿ,  A õ Qº½  Å^Â¸ÿVU$ ú A ýöõ|õ0úE ý`ú^þw±ÿ^öE`h@_ý-õ0ö-À_ú_üúlýwþØÿvþhúE ÁÖ QÒÌ:Q ÖXUM A ýwþ?õJý[Zû\H_úõO1_ý;ÿ A  ¸CúE ùÿvþhúE É±zý A ükü3úÿù_ú^û<ü3ökùÿLý A  D öõ0úwý1õGF ú_ü3ø[_öÿx A ~÷K-ª]úüõ%þØÿ«Aölýý:úNù;þåø7wý;ÿBù_ú^ûDüökùÿ QG±$25nk(r+32uv$^0&/g;w$^&/07!3$^6/`$.(+ nf7! QU=g+(4+,  YeÅY Â +\NsJ
(gN$^/00gfs12fknk+(r+32u(\12;f,-,/01.(\f nf/W=g+f(\4+,-onf$^5:Y
´<;oÑµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½ É ³
»7~ · ­'¬ ÌP¹ ´
;0Ñ;  = þ
φ






















i ∈ Z s0/c;89\+k0+( N +/cb5 ∀n ≥ N á










ei+n = ei,2#e+\)! (\Ab56.'(Df 















































[;û\ÿUö A ý_ýwþH÷KA÷kø;ûúE ]ÿV@5M A 
‖Tφ‖ = ‖Lφ‖ = ‖φ‖∞.
½  lVÂÿVUü3öE~÷kø^]º 3þØÿvþhúE û\;ûIA÷X6õGF ú_ü3ø@öÿL A ~÷K-ª'úüõþØÿw«[Upþvõ±ø@`:þå÷K@ ]ÿSM A 7










ü3ú A 1ÿú A ÿLCúE ùÿvþhúE  f ∈ L2(T). é  Y%Ã ã
qnF ö A ÿ^WUü3öE;ÿVULþvõ*wý;ÿBù+õ0ö^þwM A 
‖L∗ne1 TφP+Lne1‖ ≤ ‖Tφ‖. é  YeÅ ãT*wý7öExv A ûI@ 3ÿØý ¼ Ç QÒÌ aØÿ ¼ Ç QcÈ aU?ûúEZ@ Y öE ]ÿXõJÿV¢ø_út;û\x÷KNÕ<öE ökù[¢ = ÿL;þ ¢ö A ýÙ ÇÖXU	ü Q Ç°ÚxÛULþûDü{õþ?M A @ ]ÿ$M A 7
‖Lφ‖ ≤ lim inf
n
‖Ln∗e1 TφP+Lne1‖ ≤ ‖Tφ‖. (∗∗)
½  ]º  (∗) ÿ (∗∗) ÷kúE Y B@ ]ÿ ‖Tφ‖ = ‖Lφ‖ = ‖φ‖∞ QÀSö~ù_úE ý:øM A @ ]ÿVUKúE n_÷fø;ûúE 3ÿ^7M A 6õGF öüküõþhù_öÿvþåúE  φ 7−→ Tφ wý;ÿFþw »_ùÿØþ`h Q






g+($/0 é nff0("æ ÁfÂ s.cY Á ç ã :#e0/	nfg+(oa3/<23! o0f <on$k+"á ã
V





V nL ⊥ L s.'(
f S+5+(








{Ns{/Õ2/`$0(1bkA.'f(Xf 2f ./! u|f32;
(f, g) ∈ H2(T) × H2(T)f$zá




s/c ê-<!91.(+3! (\1/01f \i+.]$21+r+3! (g
.]$^(S/Wnf:2;(
e0






_$^! +Bf.'g+($^+(S! WQ±t+./0oM-æ  Ãs9.cY ÆfÂ çJb5 uv$oUk+(}nk+0(U/`$"(_$^/`$^
0/|$lg+($/0
Te1
Y'@H(g+/ow$l?+\D$^]$^/r6$QB=g+f(\4+,-  Y  YeÅY
»7~ · ­'¬9ÌÍ¹ ´<;oÑ;h´]´Ü   ú_ü3ø@öÿL A 4H_úE[ ø T ý A  H2(T) wý;ÿ A   ú_üø@_öÿx A *÷Kª'úüõþØÿ«Wýwþ{ÿLý A õOwûI@ ]ÿLýwþ T ∗e1TTe1 = T Qd5efhgji






〈Tej+1, ei+1〉 = 〈Tej , ei〉.TD(1á
ej+1 = P+e1ej = P+Le1ej = Te1ej.6#eâ*á











;0Ñ;v´9ÉÝ õ°_ý;ÿ{þû<ü3úE;ÿöE 3ÿJ÷KpýwþÒvE öõO@$M A KõGF ú_ü3ø[_öÿL A U÷KHÿ^öE ýõ0ö^ÿvþåúE A  3þØõ0öÿø@öõO Te1  DF wý;ÿcüölý A  3þØÿölþW Q qµ6õO±õoöz÷^þÄÂ<ø@@ {ù@ 3ÿ^"õOwý6ù_úE ÷^þÿvþåúE  ý( ø¬ùwý_ý:ö^þwwýÿLý A ìý:ö ]ÿLwý"÷kúE Y øwýHü3öE1õJ1ªj¢ ø_úEtwûI7Ç Q Ç QcÈ ÿFõO1ªD¢ø_úEWt;ûI7Ç QcÈPQ ÇKÇ±ý:ö`ú^þ7
Le1T = TLe1 ⇐⇒ T
wý;ÿ A  *ú_ü3ø@öÿL A ~÷KTJö A W@ ]ÿ ,
T ∗e1TTe1 = T ⇐⇒ T
wý;ÿ A  *ú_ü3ø@öÿL A ~÷K-ª]úüõ%þØÿ« .
´<;oÑµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½ É ×
W$^
H2(T)
sjzu|f32w0fì+\! o$^]$/ot`bk é (.cYÕ$^5íi[$^]$/otb5 ã +A2tê20+5! zë3(0+(A!	#e03! 2zg+rk$^0u é (+.cYj+A2t;ê20+5-! zë3(0+(!	#e03! 26.'fo0u ã 5<D5/:Y{V?.'g+(_$l+(D! 6Q±t./oM6+\D! 0W$^]$/ot`b5 
é (+.cY3$^5íi[$3$/otb5 ã 	fx\9,~&'/0+\<$]$^/otb5 é (\+.cY]$^5oi[$^]$^/0t`bk ã Y
»7~ · ­'¬ ÌP¹ ´
;0Ñ;v´ Î = ú^þÿ
Tφ A  ú_ü3ø[_öÿL A ÷K¿ª]úüõþÿ«ØH_úE[ øý A  H2(T) Q Tφwý;ÿöE {öõcZÿØþ?M A  ¼ _ýü Q öE ]ÿvþ\öE öõbZÿvþ?M A LaÍýwþ5ÿý A õJ;ûI@ 3ÿ1ý




























n ≥ 1 s$
φ̂(−n) = 〈φ, e−n〉 = 〈φen, e0〉 = 〈Tφen, e0〉.
~#dfâ
φ̂(−n) = 〈Tφen, e0〉
= 〈TφT ne1e0, e0〉
= 〈T ne1Tφe0, e0〉
= 〈Tφe0, T ∗ne1 e0〉.
TD(
T ∗e1e0 = Te−1e0 = P+Le−1e0 = P+e−1 = 0,2:$(?.'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T ∗φ = Tφ
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φ ∈ L∞(D)  ψ ∈ H∞(T) $/0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n ≥ 1 þ Q  Q φ +\A$kíi}$^]$^/05b5fs±
ψ̂(n) = 0
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TφTψ = Tφψ
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 T−1φ = Tψ s]$^/0f(1á
TφTψ = TψTφ = I = Te0 .

















(∗∗) s ψ +\Õ$^]$^/05b5Hj2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9b5+,+5Nsf
φ







































<f32sBr(2*$^ QU=gf(4,-  YdÅ3Y  Ã s
T−1φ
+\xñf.'g+($^+(! ÍQ±t./oM*$^5íi
$3$/otb5fY I/Õ! g:2/0! 2A2f(\f/0/`$0(b5~/W+/,$^(2+! AQ±5+./oMA05nk+(\&/0+
f5S/0+?,$l(\`2;+U(`$^rf/`$^(\+:Y
Ò ­{¬N­ ¼Ø¼ ¸'²¬N¹ ´
; ³ ; ³   Íú_ü3ø@öÿL A 6÷K¡ª'úüõþØÿ« Tφ wý;ÿ A  Bþ|ý:úlûøÿ^wþ?XýwþÿLý A õO¬ûI@ 3ÿpýwþ
φ




T ∗φTφ = TφTφ = I
Y±~#dfâÓ!	#$^.(4+"/0




+\A$^5íi[$3$/otb5 é hYe φ +~$^]$/o5ib5 ã  |φ|2 = φφ = e0 2:$^(S/h#e.'g+(_$l+( I c#e<$9(1b5  Te0 Y












Ò ­'¬N­ ¼Ø¼ ¸'²¬N¹ ´













m$^]$^/0t`bkF |φ| +\±/|$Uu32;62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32 φ +\j2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 |φ| = 1 Y 
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Te1 = I 6= Te1T ∗e1




T ∗e1Te1 6= Te1T ∗e1
Yí ($+nk+(12;"w8 +,-./0fs	/L+\"2/`$0(1b5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98P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f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fFnf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
/0f0csBr(2*$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ý A  H2(T) ù_ú^ûAû A ÿL@ 3ÿXýwþ(ÿý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ci+1,j+1 = ai+1b−j−1 + cij








ai+1b−j−1 = a−j−1bi+1 ∀i, j ≥ 0. (∗)
I/t ê-m,$05]$5Õ! H,-5((mb5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Tφ = αTψ + βTe0 .
Ot ..'fUb5X/h#dg+r5$^/00g



















bi+1 = λai+1 ∀i ≥ 0,
b−j−1 = λa−j−1 ∀j ≥ 0.
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Tψ − b0I = λ
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Tφ − a0I
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(α, β) ∈ C2 +/cb5
Tφ = αTφ + βI,$/0f(\"s .]$(UZ:2;on9og"!91/h#$^../0`2+$^
φ 7−→ Tφ
s $




<φ+ i=φ = α(<φ− i=φ) + β.
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(1 + α)i=φ = (α− 1)<φ+ β.Ot
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inf(Mn(f), 1), d(f, g) = δ(f − g).
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K(w, z) = Kz(w),
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/0"bk
Kz(w) = 〈Kz, Kw〉 = 〈Kw, Kz〉 = Kw(z),
Kz(z) = ‖Kz‖2 ≥ 0,
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wý;ÿBù_úE ]ÿvþw  A  Qd5efhgji
flkFOt0 K 2;f,-.]$2;<!  D s ε = 1
2
dist(K, ∂D)  z0 b5+/23b5"!3$^
K YI/	+\<2/`$^(?b5
B(z0, ε) := {z ∈ C
+/cb5 |z − z0| ≤ ε} ⊂ D
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ø_÷K@ ]ÿ¯wý;ÿAõ0öÓý A þ`öE ]ÿx4ÀSú A  z M A +õoù_úE BM A -÷köE ý D UHý+ú^þØÿ rz = 1 − |z| ù öõoúEwý~õ0ö1üP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(1− |z|)2 .Ý õ`Nþ?@ 3ÿ$M A Bü3ú A 1ÿú A ÿUù_ú^û<ü3ökùÿ K ÷X D
sup{|f(z)| : z ∈ K} ≤ sup{ 1
(1− |z|)2 : z ∈ K}‖f‖2
≤ 1
[dist(K, ∂D)]2‖f‖2,
Ñ{Ù µ-¶Õ· ¬N¸ «:¹ ¯J¬lº-®±¹»H­	¹ ¶m¼ ²`«N½ºN¯±¬ ¼¾ ¹tº ¶ ¸3°f¹®±¹Ê~¹t¬NË{ÌÍ¸'ª
ÿù_ù;þv	WÓkùPö A Cö^þØÿNM A õOPù_ú^ûDüökùÿ K wý;ÿ"þ ùõ A ý÷köE ýõOP÷^þ|ýM A µC@wûøP÷K_öZ5úE 





@ ÷köE 3ÿpý A õO;û\@ ]ÿB÷K K UFÿL+õõO7M A 
sup{|f(z)| : z ∈ K} ≤ cK‖f‖2.
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g:b5+32;! 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L2a(D)
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f0(1æ ÁÚ s.	Y3Ãçc6ædÃ  s.cY Å Ä ç ã Y
Ð1¬N­ ¶ ­'ºN²`«l²|­ª ÉD;`ÉB; Î
L2a(D)
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f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f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g ∈ L2(D, dA) +/0/1b5













































TD~.'+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5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 é nk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f  1 ≤ p <∞ /0+m+.]$2+! 6EF+(r,$
Lpa(D)
$! ,-;+k?Nt$^(+.(\9! 0_$5:Y
?f "$^/0/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f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f ∈ L2(D, dA) U  z ∈ D s f$




























1 < p < ∞
é nk(U.]$(U;8 +,-./0æ Ä s.cY Â çc6ædÃ  s.cY Â Åç ã Y
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f 7−→ Tφf = P (φf).










A! 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(1− zw̄)2 dA(w), ∀z ∈ D.
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» A v A ø÷K
φ Qþw`a
Tφ
wý;ÿ  A õ{ýwþÿpý A õO;û\@ ]ÿpý_þÕý:úE ý[Zû\H_úõO φ wý;ÿ  A õ Qd5efhgji
fIk ã s:0 ã ;j00 ã ! g:2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(
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98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φ ∈ L1(D, dA) ;D2`! g+(\f</h#df.'g+($^+( T̃φ s]$..'+/0g~$^Jf.'g+($^+(! ~Q±t./o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( A∞(D) s]/h#e++,6&/~! Xu|f32w0fW$]$^/otb5+D&'f(\g++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f ∈ A∞(D) sN/å#dg:2(o(\ T̃φf(z) = P (φf) )?6+:Y@K,-,-
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9! 32wi
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, ∀z ∈ K.
Õ$^(U/|$~0.'f(B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0+(
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(g(12( {z ∈ D : 0 < r < |z| < 1}









φ = φχ{z∈D : 0≤|z|≤r} + φχ{z∈D : r<|z|<1},fâ
χE
+\X/`$u32;P2:$^(_$2;g+(\\b56+//0Ab5 ±nf$^   
z ∈ E ; Ú cYV?/±t,~&'f/06+\W$^..'+/0güå­{ª±°«l²|­{ª ¶ ¬N¹tº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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2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. é ,$0.]$U + ã !91u|f32;?05grf($&/0+?( D Y$/0=+(\++,-+57x)Íf"Z[(:sF7c#%$+nkf 7.]$^2+$($2;g+(0_$^
2f,-. /4! +.'g+(_$l+(\! Q±t+. /o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( g+NYÕD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W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!3$S/|$6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(01! +?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(<! 1Q±5+./00MfY
j(?"u32;0
f ∈ L1(D, dA)  z ∈ D s3/|$A(_$^u(,$l0! ~EF+(+M+0! 
f
+\?/h#e.'g+(_$l+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〈p, kz〉 = (1− |z|2)〈p,Kz〉 = (1− |z|2)p(z).I/L+\"2/`$^(1b5-2! +(\4(-;8 .(\+Í3!Pnk( Ú b5]$^3! |z| +3!nk+( 1 Y@K,-,-/h#e++,~& /! +.'f/o9Y,-+z$]$^/otb5++\7! +!3$^
L2a(D)
$^/0f(\
〈f, kz〉 → 0
b5]$^3! |z| → 1 .'f(	f9Lu32;0f f ∈ L2a(D) J.]$^(J2f g:bk+5 kz+3!xuv$^&/0+,-5Snk+(\ Ú b5]$^3! |z| → 1 Y @K\6.(.(0gg6f X+(_$!	#d~r(_$^3! ~ /0og~. /D_$(!b5]$^3!f$^9i
f32(Bz! +98 04+,X(g/ow$lK(K/`$625t 0gW!9+B.'g+(_$l+(\U! DQ±t+./0oMfY
~#%$. (4+ é Á Y%Ã ã s /n95<b5
Bf̄ = Bf,
Ñ{î µ-¶Õ· ¬N¸ «:¹ ¯J¬lº-®±¹»H­	¹ ¶m¼ ²`«N½ºN¯±¬ ¼¾ ¹tº ¶ ¸3°f¹®±¹Ê~¹t¬NË{ÌÍ¸'ª

f ≥ 0 =⇒ Bf ≥ 0.
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/0tYf,-+
(z, z̄)
;<! f2 ‖f‖2 = 0 ?.]$^(S/`$Ao ‖f‖1 = 0 Y G±$(_$^u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w = ϕz(y),














ϕ ∈ Aut(D) +/cb5 ϕ(0) = z.
V?$ (X.(.(0ggW0,-.'(\_$5! X/|$"(_$^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f(\,$l0fx! 1EH+(\+M+0x+\?! 9i
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f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(,$l0<! "EH+(\+M+0+rg+g+(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Ð1¬N­ ¶ ­'ºN²`«^²|­{ª ÉB; Î ; ³·ÀUú A 1ÿú A ÿ ϕ ∈ Aut(D) ÿHÿú A ÿLCúE ùÿvþhúE  f ∈ L1(D, dA)
B(f ◦ ϕ) = (Bf) ◦ ϕ.
d5efhgi
f4kHO5fo










ϕσ(z) ◦ σ ◦ ϕz(0) = ϕσ(z)(σ(z)) = 0
ϕσ(z) ◦ σ ◦ ϕz ∈ A(D)
ϕσ(z) ◦ σ ◦ ϕz(D) = D,

ϕσ(z) ◦ σ ◦ ϕz
+\?&dZ[:2;0
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(U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w ∈ D
ϕσ(z) ◦ σ ◦ ϕz(w) = cw
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(f ◦ σ)(y)(1− |z|
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φ ◦ ϕz(w) dA(w) = φ(z0).
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Bφ(z) = 〈Tφkz, kz〉
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sup{(1− |z|2)|f ′(z)| : z ∈ D} < +∞.
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<φ = <f  f(0) = 0,

=φ = <g  g(0) = 0,
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z ∈ D YTD(:s .'f(B 
w ∈ D







TφTψKz(w) = ψ(z)φ(w)Kz(w), ∀z ∈ D
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32.'f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(z, w) ∈ D× D
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φ = φ1 +φ2
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ý:ú ]ÿ7öE {öõcZÿØþ?M A wý4ÿAýwþ φψ = Bu ü3ú A  A  Bù@ÿö^þ B&C+úE ù;ÿvþåúE 
u ∈ L1(D, dA)∩C2(D) ÿL+õõJM A XõOTJö_üõ0ökùwþ?@ xþ 
`öEwþåö ]ÿF÷K uwý;ÿ$H_ú@ øWý A  D öõ0úwý φ ú A ψ wý;ÿBù_úE ý;ÿöE ]ÿL Q
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u1(z) = 1 + log |z|2 Qþþca
zz̄2 = Bu2(z)
UKúEÆ
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0+5?) C2(D) Y <X./0U/0+ u1  u2 Xf5.]$S&'f(\g++?,$^0?//0+?5?.(\+b5;i&'(g++:Y
I/c(g/o"! /`$-Õ(.{o0fÃY  Y  b5
TzTz̄ = T1+log |z|2
³ î Ð1¬N­c®m¯±²|«Nº-® ¾ ­ ¶L· ¬N¸ «N¹9¯±¬lº®±¹»H­	¹ ¶m¼ ²`«N½ºN¯±¬
L2a(D)

TzTz̄2 = T2z̄− 1
z
.
L/0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f0f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f nf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f2;0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φ é b5+\Ug+rk$/01) z ãU/`$6u|f32;
ψ é b5gr5$^/) z̄ .'(B/X.(,-(B;8 ,-./0W z̄2 .'(B/0X:2f3! ãf5F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98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f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 Á Y%Ã Y Â sl f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f(B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ϕ ∈ Aut(D)
ϕϕ = B(u1 ◦ ϕ),
ϕϕ2 = B(u2 ◦ ϕ),21b5	+Sg:b5on$/0+5:s3!	#$^.(4+S/`$-L(.'o0Ã Y  Y  s])
TϕTϕ = Tu1◦ϕ,
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u ∈ L1(D, dA) s{! 0nf+5Wq(\A! A2Au|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ý:úE 3ÿÕ÷K A C+úE {ùÿvþåúE  ýXö öõcZÿvþ?M A _ýUý A  D U±ÿú A ÿLwý?õOwý÷K A - {úE ù_úE ý;ÿö ]ÿLwýNÿBÿL+õ|õOwýNM A  φψ = Bu úEÆ u ∈ L1(D, dA) öõoúEwý"þvõþ|ý;ÿx÷K A Wü3úõcZ	 lûIwý1öE öõbZÿvþ?M A wý úE Pù_úE  ý;ÿöE ]ÿØý p ÿ q ÷kúE ]ÿpõO"÷Kxv	ø"÷ A üP_ú:÷ A þØÿwý;ÿþ Cø@;þu A Xú A øxv5öõJ± Ì ÿ±þØõþ|ý;ÿL A   z0 ∈ D ÿx+õ%ýM A  φ = p◦ϕz0 ÿ ψ = q ◦ϕz0 .
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Ò ­'¬N­ ¼Ø¼ ¸'²¬N¹PÎ ;v´
;`îr= ú^þØÿ
φ = φ1 + φ2
;ÿ
ψ = ψ1 + ψ2
UXÿLõõOwýM A  φ1 U φ2 U ψ1ÿ
ψ2
ý:úE ]ÿp÷XwýNª* CúE ùÿvþhúE ýWö öõcZÿØþ?M A _ýÿ& 3þ φ1 U* 3þ ψ2 wý;ÿLù_úE ý;ÿöE ]ÿL Q TwýW÷K A ölý_ý@;ÿvþåúE  ýWý A þw`öE ]ÿL_ýWý:úE 3ÿUøM A þ`öõO[ ]ÿLwý5þca Ý õþ`ý;ÿL A  B-ª* CúE ùÿvþhúE  v ÿL+õõO7M A  TφTψ = Tv Qþþca Ý õYþ`ý;ÿL<÷K A Bü3úõcZ	 lûIwý?ö öõcZÿvþ?M A wý{ úE zù_úE  ý;ÿöE ]ÿØý p ;ÿ q öE`h_ùUõO?÷Kxv	ø÷ A üPúN÷ A þØÿ pq ≤ 3 ÿÕþvõDþ`ý;ÿL z0 ∈ D ÿLõ%ýµM A  φ1 = p ◦ϕz0 U ψ2 = q ◦ϕz0ÿ
v
ý:úlþØÿU÷K"õ0ö,C+úEwûI




pq̄ = Bu Qd5efhgi
f4kHO5
TφTψ = Tv
$^/(:s3!#$^.(4+?/h#dg:b5]$l0f é Ã Y Nã s f$
Tφ1Tψ2 = Tv−φ1ψ1−φ2ψ1−φ2ψ1 ,!	#eâcs3!	#$^.(4+S/`$-L(\f.'0Ã Y  Y  s
φ1ψ2 = B(v − φ1ψ1 − φ2ψ1 − φ2ψ1). é Ã Y Áfã
I/Ln90+5:sc.]$(1/0QB=g+(4+,-ÃY  Y Â sJb5
φ1 = p ◦ ϕz0
s





pq ≤ 3  ϕz0 ∈ Aut(D) YfGp#eg:b53$^é ÃY Ákã ! n90+5D$^/(





v = (pq̄) ◦ ϕz0 + φ1ψ1 + φ2ψ1 + φ2ψ1.
RUg:20.(9bk+,-+5:sU
φ1 = p ◦ ϕz0

ψ2 = q ◦ ϕz0
$^/(:sS!	#%$^.(4+/`$
L(.'fo0ÃY  Y  s
Tφ1Tψ2 = T(pq̄)◦ϕz0
Y3D32W/å#dg:b5]$l0f é Ã Y Nã ! n90+5




; × = ú A ý"õOwý¢Z_ü3úÿV¢Yt_ýwý~÷ A ù_ú_úõ|õ0ö^þWUüP_øù_ø_÷K@ ]ÿULýwþ TφTψ = Tvÿcýwþ
p(z) = a0 +a1z
ÿ
q(z) = b0 +b1z+b2z
2 UjúEÆ a1 ;ÿ b2 ý:úE ]ÿm÷K A ù_úE ý;ÿöE ]ÿLwý úE "  A õõOwýWUBöõ0úwý
v = a0b̄0 + a0b̄1ϕz0 + a0b̄2ϕ
2
z0




+ φ2ψ1 + φ1ψ1 + φ2ψ2.
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L2a(D)
qsF úEÆ:UK÷F ö_üPWtwý1õOwý~÷X A xøM A öÿØþåúE ý ¼LÌ:Q ÇWaU ¼LÌ:Q Ça1ÿHõ0öNÀ_úü3úlýwþØÿvþhúE "Ö QÍÌ:Q UBúE Óö
v = a0b̄0 + a0b̄1ϕz0 + a0b̄2ϕ
2
z0
+ a1b̄0ϕz0 + a1b̄1B(u1 ◦ ϕz0)
+ a1b̄2B(u2 ◦ ϕz0) + φ2ψ1 + φ1ψ1 + φ2ψ2
= a0b̄0 + a0b̄1ϕz0 + a0b̄2ϕ
2
z0




) + φ2ψ1 + φ1ψ1 + φ2ψ2.





q ¼ p ÷K@`Nþu@ ]ÿFõOBüúõcZ	 lûI6÷K6÷Kxv	ø(Öÿ
q
ùW+õ A þH÷KA÷Xxv	_øÇWazú ûúE ]ÿ^WM A ýwþ v wý;ÿSH_úE[ ø~öõ0úE_ý ψ wýwÿUöE öõcZÿvþuM A  Q
½  Wwý A ûø[U±ýwþ φ U ψ ý:úE ]ÿp÷K A nª* CúE ùÿvþhúE ý¢öEwûúE 3þ?M A wý(ÿ v _ý;ÿ A  B&C+úE ù¬ÿvþåúE ËH_úE[ øÿLõõOwý"M A  TφTψ = Tv öõoúEwýú A φ wý;ÿöE ]ÿvþ\öE öõbZÿvþ?M A Íú A ψ wý;ÿöE öõbZÿvþ?M A [US;ÿU÷köE ý1õOwý6÷K A xù_ölý~ú Óö v = φψ Q
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ψ(z) = zj − z̄l sj;A/,-5(\1b5
φ
+\?g+2+w$^0(+,-5<5//0fY
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Ò ­'¬N­ ¼Ø¼ ¸'²¬N¹PÎ ;v´
;h´tÙr= þ
φ




ú A φ = 11 Qd5efhgi
f¿kUOt
T 2φ = Tφ
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p ∈ Z ý
F þvõ*þ|ý;ÿL A  BCúE ùÿvþhúE "ök÷^þåöõO φ ÿLõõOM A Uü3ú A 1ÿú A ÿ z = reiθ ∈ D
f(reiθ) = eipθφ(r).






































eikθfk(r), fk ∈ R.
<./z
f ∈ L∞(D, dA) ⊂ L2(D, dA) $^/(z.'(  r ∈ [0, 1) 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1̂1(2n+ 2)r̂p+sω(2n+ 2) =
∫ 1
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 D(+,$^(b5(Db56
s = 0
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f! 0 é $ ã c#d+\z$ (b5/h#eg:bk]$^ é Ã Y Âkã /|$23! 0 é & ã c#d+\D$^ (\1b5/å#dg:b5]$l0f é Ã Y Ækã YRUg:20.(\9b5+,+5
ω
AzQKiu32;0ì(_$! |$^/07nkg+(oa'$^5A/-2;f3! o0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n−mTzmz̄m .Ã ã Gp#e;8 +,./1 0n$^5X$-g;g6!9fg".]$^(DW$^0+/ÕOt*)^(+M6!3$^~ædÃ Ú ç±,$0<_$^
;89./b5+(12,-,-+k;8 ./0`2o+(1/0\9,~&'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f.'g+($^+(.(t! 0:YJj(
2;(_$^A$+nk~2_=H! /0! g+,-5(\+(:Yj±f(1f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! 0b5 {z : |z| ≤ r} s]$^/(
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98xu|f32;0fS(_$! `$/0+ é 2#d+\<)A! 0(b5]$Ni0=f,fr4++! A!9+rf(\g Úkã $0mm/0~.(t! o
TχrTφ
+\W.'g+($^+(!9
Î ;`Éµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½spc¯J¸]ºN²V~c­ÌÍ­]Ë<9ªJ¹tº î 






ÃY Á Y NÁ s/h#eg:bk]$^! 125nk/0 0f! "+//000n$^5-á
11 ∗M ω = χr ∗M φ.~#dfâ.'(U 



















































































t ≤ r21b5cSg:b5onf$^/0+5D)! 0(1bk1.'(U 










ý:úE ]ÿJ÷K A µ@ ]ÿvþu@wýcü3úlýwþØÿØþÄCý,ÿ'ýwþ φ ÿ ψ ý:úE ]ÿJ÷K A Iª* CúE ùÿvþhúE ýök÷^þåöõOwýöõ0úE_ý~õO?üP_ú:÷ A þØÿ TeipθφTeisθψ wý;ÿ A  ú_ü3ø@öÿL A -÷KÎª]úüõþÿ«"ýwþ$ÿHý A õJ;ûI@ 3ÿKýYF þvõþ|ý;ÿL A  B1ª* C+úE {ùÿvþåúE n_öf÷^þåöõJ ω ÿL+õ|õOM A 




ý:úE ]ÿ?÷K A s@ ]ÿvþ?[wý?ü3úNýwþØÿvþÄCý¯ÿKýwþ φ ÿ ψ ý:úE 3ÿ<÷K A Áª* C+ú ùÿvþåú ý5ö	÷^þåöõO_ý~öõoúE_ý1õOBüPúN÷ A þÿ Te−ipθφTe−isθψ _ý;ÿ A  *ú_üø@_öÿx A 6÷K1ª]úüõþÿ«WýwþÿLý A õJ¬ûI@ ]ÿDý_þ?ý:úE ök÷³»:ú^þw ]ÿ
TeisθψTeipθφ







× Ù Ð1¬N­c®m¯±²|«Nº-® ¾ ­ ¶L· ¬N¸ «N¹9¯±¬lº®±¹»H­	¹ ¶m¼ ²`«N½ºN¯±¬
L2a(D)
þþþca = þ
0 ≤ p ≤ s ÿXýwþ φ ÿ ψ ý:úE ]ÿ"÷K A ®ª* C+ú ùÿvþåú ý1ök÷^þhöõOwýöõ0úwýxõO6üPú	÷ A þÿ TeipθφTe−isθψ wý;ÿ A  Óú_üø@_ö^ÿL A ~÷X-ª]úüõþÿ«ýwþÿpý A õO;û\@ ]ÿLýwþÕý:úE *ök÷L»:ú^þ 3ÿ
TeisθψTe−ipθφ
õGF wý;ÿFö A ý_ýwþ_ÿF÷kúE ù?ýwþ¹;ÿmý A õO;û\@ ]ÿjýwþmõOwýù_úE {÷^þØÿvþhúE ý÷ A ªD¢ø_úEWt;ûIÌ:Q Ö Q ÇÖ7ý+úE ]ÿ`ø@;þ ]Køwýÿú A ÿS@ þw 





Uϕf = (f ◦ ϕ)ϕ′. é Ã Y +Ú5ã
@KUf.'g(_$l+(
Uϕ











































f(z)(g ◦ ϕ−1)(z)ϕ−1′ (z) dA(z)
= 〈f, Uϕ−1g〉.
6#$^ (.]$^(\Ns .'f (Uf9u32;0
f ∈ L2a(D)
s $




UϕUϕ−1f = Uϕ[(f ◦ ϕ−1)ϕ−1
′
] = (f ◦ ϕ−1 ◦ ϕ)(ϕ−1′ ◦ ϕ)ϕ′ = f.Gc-/0+,-,--onf$^5"+\"-.(.(0gg&0+2t! /h#e.'g+(_$l("ow$^0(
Uϕ é nk(1æ Ç s.cY Ä ç ã Y





ϕ = Tψ◦ϕ Qd5efhgji
flkp±f(
ϕ ∈ Aut(D) s f! ga3o?/h#e.'g+(_$l+( Vϕ .]$^(1á
Vϕ : L
2(D, dA) −→ L2(D, dA)
f 7−→ (f ◦ ϕ)ϕ′
Î ;`Éµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½spc¯J¸]ºN²V~c­ÌÍ­]Ë<9ªJ¹tº × ´
Vϕ











Vϕf = Uϕf ,∀f ∈ L2a(D).
@K,-,-


















〈V ∗ϕ−1f, g〉 = 〈f, Vϕ−1g〉 = 0 ,
2:$^(
Vϕ−1g ∈ L2a(D),













PVhf = Vhf =⇒ VhP = PVh
(
L2a(D), é ÃY fNã
?
f ∈ L2⊥a (D)
VϕPf = Vϕ0 = 0





a (D). é ÃY NÁfã
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,~&0]$^5F/0?QU=g+(4+,?ÃY Á Y NÁ $:nf:2U/S/0+,-,S.(g:2;g:! +5:sff F.'f9nkf 
f& +(~/07,-q,-7(\g+/ow$^~,$^~.'(~ z2/|$^x! uf2;0f~&'N$^32f../ 
2f,-. /b5g++:Y










ù_ú^û~ûI-÷kö ý~õOÎªD¢ø_úEWt;û\ Ì:Q Ö Q ÇÖ Q= þ
ϕ ∈ Aut(D) U f = (eipθφ ◦ ϕ) U g = (e−isθψ ◦ ϕ) ÿ h = (ei(p−s)θω ◦ ϕ) öõ0úE_ý
TfTg = Th.

























<!9f32W/1Gc+,,-1Ã Y Á Y  Å$2_=4nk/`$A.(\+ nkfY X$^S./00+(?2+$U/+\?! oê20/01!	#d;8 =0&'+(S/0W\9,~&'/01! X/å#df.'g+($^+(S. (^i
! oNY^CÕ"{Ns:/kc#e±.]$JZ[(\juØ$20/0K! F(\g+f3! (\H/h#dg:b5]$l0f6! H25nk/ 0f
! -+//00*! A/|$72f3!90 é & ã !9*QB=g+(4+,-Ã Y Á Y :Á Ycm$(W2fk(Am/A,-+,6&(! x!9(fox! z2z,q+,-7g:b5]$l0f+\! 0{g+(\+5`$^&/$^/(A0/K+\A.'0&/0!9
! +(S;8 ./020+,-+5?/01\9,6&'f/01! /h#e.'g+(_$l+ (?.(\9! oNY
»7~ · ­'¬9ÌÍ¹Î ;`ÉB;h´tî·= ú^þ?@ 3ÿ




ÿL+õõJwý7M A 6õ0ö,C+úE ù;ÿvþåúE  Λ ÷kø^]_ 3þuUü3öE7
Λ(r) = (rpφ ∗M rsψ)(r)
ý:ú^þØÿ	üPWwýM A Bü3öE;ÿú A ÿU÷^þ ÂDø@W@ ]ÿvþåöXH+õOWý A  Ù ÊULÇ³Û Q = ú^þÿ
ω(r) = −r1−(p+s)Λ′(r),
öõ0úE_ý1õOUüPúN÷ A þÿ TeipθφTe−isθψ _ý;ÿ A  *ú_ü3ø@öÿL A ~÷K1ª'úü{õþØÿ«ýwþÿpý A õO;û\@ ]ÿpý_þ¼ öWa ω wý;ÿ A  B-ª C+úE ùÿØþåúE YU¼ Hxa ω̂(2k + p− s+ 2) = 0 ü3ú A  0 ≤ k ≤ s− 1 Qq"öE ý6ùAù_ölý
TeipθφTe−isθψ = Tei(p−s)θω.d5efhgji
fnk±I/] ê-±Z[\D! ?(+,$^(b5 +(Kb5
ω
+H<f/0 0z! </h#eg+b5]$^0f7! 
25nk/ 0f! "//00












Î ;`Éµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½spc¯J¸]ºN²V~c­ÌÍ­]Ë<9ªJ¹tº ×Î
Ò ­'¬N­ ¼Ø¼ ¸'²¬N¹PÎ ;`ÉB;h´ × = þ
p ≥ s ý:úE ]ÿ÷K A Ï@ ]ÿØþ?@_ýü3úlý_þØÿvþÄCý4ÿ~ýwþ l1 ÿ l2 ý:úE 3ÿ÷K A s_ø+õeýý A ü3ø@wþ? A _ý7ú A øxv5öõOwý¡± −1 UXöõ0úwýõOWüP_ú:÷ A þØÿ Teipθrl1Te−isθrl2 wý;ÿ A  ú_ü3ø@öÿL A ~÷X-ª]úüõþÿ«ýwþ{ÿLý A õO;ûI[ ]ÿpýwþ¼ þca l2 − p ≥ −1 U l1 − s ≥ −1 U{ÿ s = 0 ú A 1 Uú A¼ þþca l1 = p = 0 ú A l2 = s = 0 Qd5efhgi




















l2 + s− l1 − p
rl2−p − l1 + p
l2 + s− l1 − p
rl1−s

l1 − s 6= l2 − p
rl1−s[1 + (l1 + p) log r]
















l1 + p 6= 0, l2 + s 6= 0, l1 − s ≥ −1

l2 − p ≥ −1;f
l2 + s = 0

l1 − s ≥ −1;f
l1 + p = 0

l2 − p ≥ −1;Õ$^(<2f g:bk+5
ω
+\<"QHiu|f32w0fcs3D! 321/`$-23! o0f é $ ã ! QB=g+(4+,-ÃY Á Y  È+\?_$l0uv$^0fscS+ /+,+5? ,.-0/ +\Snfg+(oa3g+fY




D32fÍ-.'+ "! 0_29+(1/`$x2f3!90 é & ã ! ÓQB=g+f(\4+,-Ã Y Á Y  Èb5-/0(b5,.-0/ +\n9(_$^0fY±X$^"2-2:$:s	Ó2+$/2/p! (\:2;6! "25ê20+56! +//00Ó! 
ω,-fk(b5.'f(Uf9?+50+(
m ≥ 2 s $zá
é I ã á]Ot l1 + p 6= 0  l2 + s 6= 0 $^/(
ω̂(m) =
m− (p+ s)
(l1 − s+m)(l2 − p+m)
.
é I\I ã á'Ot l1 + p 6= 0  l2 + s = 0 $/0(
ω̂(m) =
l1 + p
(l1 − s+m)(l2 + s− l1 − p)
.
× Ñ Ð1¬N­c®m¯±²|«Nº-® ¾ ­ ¶L· ¬N¸ «N¹9¯±¬lº®±¹»H­	¹ ¶m¼ ²`«N½ºN¯±¬
L2a(D)
é I\II ã á'Ot l1 + p = 0  l2 + s 6= 0 $/0(
ω̂(m) =
l2 + s
(l2 − p+m)(l2 + s− l1 − p)
.
é Iå ã á'O5 l1 + p = 0  l2 + s = 0 $/0(
ω̂ =
1
m− (p+ s) .TDnkfoP&0+ b5
ω̂(m) = 0
c#e+\P.'0&/0b5ì!3$/ì2:$ é I ã sD2#e+\}i})Ni! 0(
ω̂(m) = 0
S+/0+,-+k
m = p + s
s
l1 + p 6= 0

l2 + s 6= 0
Y
<f32
ω̂(2k + p− s+ 2) = 0 ⇐⇒ k = s− 1, l1 + p 6= 0
;
l2 + s 6= 0.Õ$^(p/|$Wo?/`$2f! 0 é & ã ! QB=g+(4+,-<Ã Y Á Y  È+\H_$l0uv$^0<3F+/0+,-+5
s = 0 é 2Xbk2((\+.'f3!z$^z2:$^Bâ7/`$623! o0 é & ã c#%$"./0K/0+z!	#eq;( ã 
s = 1

l1 + p 6= 0







l1 +p 6= 0

l2 +s 6= 0
ô{YfI/+\F2/`$0(Fb5S2+F!9+98-23! o0fp,./b55
fo é  ã s0 é 0 ã YRUg:20.(\9b5+,+5NsN/`$?23! o0f é  ã 0,-./0`b5F/`$?23! o0f ,1-0/ Y^D32sl!	#%$.(\4+/0FQU=g+(4,-FÃY Á Y  È s:/0p.(t! o
Teipθrl1Te−isθrl2
(_$B1f.'g(_$l+(±! pQ±t+./0oMfY^Ot
/`$623! 0 é  ã +\B_$l0uv$^0$^/0f(\S$^7,-f0K/å#dz! +B! +98f.'g+($^+( Teipθrl1
Te−isθrl2
(_$/h#e! +5ogP! 32/.(t! 0x+($+32(Pñ.'g+(_$l+(!9
Q±t./oMY Ot




é  ã l1 − s ≤ −1 s l2 − p ≤ −1  p = 0 f 1 s
é  ã l1 = p = 0 f l2 = s = 0 Y?1(\+,$^(b5"b5/|$x23! o0f ,1-/ ! -/`$z.(+ nf-.(g+2g:! +5,-5(












ý:ú ]ÿH÷K A ¡@ ]ÿØþ?@_ýFü3úlýwþØÿØþÄCýÿÕý_þ p = l1 ÿ s = l2¼ þ Q  Q eipθrl1 = zp ;ÿ e−isθrl2 = z̄s aPöõoúE_ýõJxù_ú_úõ|õ0ö^þWWüPø_ù_ø_÷K@ ]ÿ, ú A ý7özÐwûIM A "õOUüPúN÷ A þØÿ TzpTz̄s _ý;ÿ A  Óú_ü3ø@öÿL A ~÷K1ª'úü{õþØÿ«Wýwþ{ÿpý A õO;û\@ ]ÿLýwþ
Î ;`Éµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½spc¯J¸]ºN²V~c­ÌÍ­]Ë<9ªJ¹tº ×3³
∗) p = 0 ú A s = 0 ùWM A þjwý;ÿJøM A þ`öõO@ ]ÿ*±÷^þWM A UõGF A  z÷KwýS÷X A 6ú_ü3ø[_öÿx A _ýwý;ÿKõzF þå÷K@ 3ÿvþØÿø Qú A
∗∗) s = 1 UÕ÷köE  ýXùWùölý<õJ ¼ þca~÷ A ù_ú_úõ|õ0ö^þWSþûDüõ%þ?M A M A  1−p ≥ −1 ù<F wý;ÿu±	\÷^þW
p ≤ 2 Q q"úE {ù TzpTz̄ wý;ÿ A  ìú_ü3ø@öÿL A ÷Ksª]úüõ%þØÿ«6ýwþ,ÿKý A õO;û\@ ]ÿýwþ
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Λ(r) = (tp+s ∗M t2sq)(r) = r2s(tp−s ∗M q)(r).
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k [(tk − εk)n − (tk + εk)n]
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TfTeipθψ = 0
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f$xá
(2k + 2p+ 2)ψ̂(2k + p+ 2)Tf(z
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k ∈ Ec/å#dg:b5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f(z)zk+pz̄n dA(z) = 0.
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g(z) = zj − z̄l UKúEÆ j, l ∈ N Q = þ TfTg = 0 öõ0úE_ý f = 0 Q
¼ Ö¬a = ú^þØÿ f(reiθ) = ∑
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eikθfk(r) ∈ L∞(D, dA)
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g = g1 + g2
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eikθfk(r) ∈ L∞(D, dA)
ÿpý:ú^þØÿ












Tz̄N+1TfTg = Tz̄N+1fTg = 0.
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÷K A \C+úE ù;ÿvþåúE ý1¢ öE;ûúE 3þuM A wýnHúE@ {øwý7ý A  D QXõ0úwý
TφTψ = TψTφýwþÿpý A õJ;ûI@ 3ÿpýwþ¼ öWa φ ÿ ψ ý:úE ]ÿFÿú A ÿLwý"õJwý~÷K A öE öõcZÿvþuM A wýWý A  D Uú A¼ Hxa φ ÿ ψ ý:úE ]ÿFÿú A ÿLwý"õJwý~÷K A öE öõcZÿvþuM A wýXý A  D Uú A¼ ùxaìþØõ*þ|ýwÿLA÷K A ù_ú ý;ÿöE 3ÿLwý6ù_ú^ûDüõJ:wý úE n  A õõJwý α ÿ β ÿL+õ|õOwý7M A 
φ = αψ + β.
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u ∈ C(D) ∩ L1(D, dA) Q u wý;ÿ¢öEwûúE þ?M A ý A  D ýwþ;ÿý A õJ;ûI@ 3ÿpýwþ ∫
D
u ◦ h dA = u(h(0))
ÿ
rad(u ◦ h) ∈ C(D) ü3ú A 1ÿú A ÿ h ∈ Aut(D).?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φ = φ1 + φ2















TφTψ11 = Tφ[P (ψ1 + ψ2(0))]
= Tφ(ψ1 + ψ2(0))
= P ([φ1 + φ2][ψ1 + ψ2(0)])













Å3Y  Y Á s$xá
〈TφTψ11, 11〉 = φ1(0)ψ1(0) + φ1(0)ψ2(0) + φ2(0)ψ2(0) +
∫
D
φ2ψ1 dA. é ÅY Nã
D/`$A,-q+,-W,$^04+(fs,-5(b5-á
〈TψTφ11, 11〉 = φ1(0)ψ1(0) + φ2(0)ψ1(0) + φ2(0)ψ2(0) +
∫
D
φ1ψ2 dA. é ÅY Áfã
Ot
TφTψ = TψTφ
$/0(:sf!	#%$.(\4+L/+p! +t8Ag:b5]$l0f é ÅY Nã  é ÅY Áfã s& 0+5b5-á
∫
D
φ2ψ1 − φ1φ2 dA = φ2(0)ψ1(0)− φ1(0)ψ2(0). é ÅY%Ã ã
Otfo









h .~#dfâ!	#$^.(4?/01Gc+,-,-1Ã Y Á Y  Åá
Tφ◦hTψ◦h = Tψ◦hTφ◦h.
O $2_=3$5Ubk
φ ◦h = φ1 ◦h+φ2 ◦ h
;
ψ ◦h = ψ1 ◦ h+ψ2 ◦h
s5/å#dg:b5]$l0f é Å3YeÃ ã! n90+5"á
∫
D
(φ2ψ1 − φ1φ2) ◦ h dA = φ2(h(0))ψ1(h(0))− φ1(h(0))ψ2(h(0)).
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z ∈ D s f$zá






























rad[(φ2ψ1) ◦ h] ∈ C(D).
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rad[(φ1ψ2) ◦ h] ∈ C(D)
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D ⇐⇒ φ′2ψ1 = φ′1ψ′2
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c ∈ C +/0/0"b5-á
{
φ′1 − cψ′1 = 0
(
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CL.3$_$kX$^2Z[rg"!3$^ é Áfã ?,-,$^5<$:nf:2 é Nã s & 0+51á
(φ1 + φ2)− c(ψ1 + ψ2)
+\<2\w$^5(
D,2#e+\}i[)li! 0(
φ− cψ +\?2f\_$51( D Y
I/m! g:2/A! A26=g+(4+,-~/0A2(/0/|$^(\Aon$5W2f2+(]$^5W/0+Xf.'g+($^+(
! 1Q±5+./oM1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$^98	Y
Ò ­{¬N­ ¼Ø¼ ¸'²¬N¹ Ñ;h´
; Î = ú^þÿ
φ A  BjC+úE ù;ÿvþåúE \¢öEwûú 3þ?M A HúE@ {øBý A  D Q Xõ0úwý?õzF ú_ü3ø¬_ö^ÿL A  Tφ wý;ÿ úEwûöõ3þ Q  Q TφT ∗φ = T ∗φTφ ýwþ_ÿmý A õO;û\@ ]ÿmýwþmõGF @ ý;û\H+õO φ(D) `Nþÿý A  A  BA÷Eú^þØÿxA÷ A üõ0öE *ù_ú^û<üõO: C Qd5efhgji






φ(z) = αz + β ,∀z ∈ D,$/0(
βφ(z) − αβz = |β|2 ∈ R ;2:2;K.'f("  z ∈ D YmCL _$5 a = β
b = −αβ st0/]n90+5UbkD/å#df.'g(_$l+( aφ+ b +\U)nf$^/0+(K(g++/0/0+B( D Y5D0má






























(2) ∃(a, b) 6= (0, 0) ∈ C2 +/Jbk aφ+ bφ +\<2\w$^51!3$^ D.
Ñ*;v´Pµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½*ºÀ±ÌnýL­ ¼ ¹Ø~J¸3¬^ÌÍ­{ªj²pc¯J¹ ]Î
é lã 0,-./0b5Ab5 φ +\2;f\w$^5A!3$ D !9f326/h#e+ +,6&/0 φ(D) +\X32/0!3$S1! (0"! 
C
Y
é Ákã 0,-./0`b5 "/h#e;89\+26!	#e "2f\_$5 c ∈ C +/0/06b5 aφ + bφ = c ( D2#e+\\i[)Ni! (\





a− b = 0 $^/0f(\ <φ(z) = c1
a+ b
, ∀z ∈ D, fâ c1 ∈ C;Ot
a+ b = 0
$^/( =φ(z) = c2
a− b, ∀z ∈ D,
fâ
c2 ∈ C;Ot
a+ b 6= 0  a− b 6= 0 $/0f(\ φ(z) = c3, ∀z ∈ D, fâ c3 ∈ C.
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! 0b5
D
Y9TD(p0/]+\Frfg+ g+(_$^/+,+5K! oê20/0
! ! +(;8 ./02o+,-+k7/0rf(\f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(g
b5+/2f3bkA! 
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f )2Wbk+\0fz,$^0Ug+rk$^/+,+5U0/B.( nk+kSb5c#dzf.'g(_$l+(U! WQ±5+./00M1$3$li
/0t`bk é 2#e+\\i[)Ni! 0(*)\9,6&'f/0*$^]$/otb5 ã  Í.'+92,-,6 +(xb5c#%$+nk:2f.'g+($^+(W! AQ±5+./00MA! ~,-q+,-"9.'fYD2f ./+(D(g+/ow$lX+X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$li














g+f32;g1.]$(U?8 /0+(:sSï@K ï2lnt`ðWDR?$^!3$^"æ Æ çJ+\?/00n$^5NY
»7~ · ­'¬ ÌP¹ Ñ;h´
;oÑç= úlþØÿ
Ω A  ÷kú^ûölþ B1H_ú@ {ø1M A +õ0ù_úE M A z÷X C Q = þ φ wý;ÿ A  BC+úE ùÿØþåúE öE öõcZÿvþ?M A ¯ ú ù_úE ý;ÿö ]ÿLAý A  Ω ÿUýwþ ψ A  CúE ùÿvþhúE ÉHúE@ {øAý A  ΩÿL+õõO7M A  Tφ ;ÿ Tψ ù_úlûAû A ÿL@ ]ÿBöõ0úE_ý ψ wý;ÿBöE öõcZÿvþuM A ý A  Ω Q
G±$-.(\+ nk6!9621=g+(4+,"(+.'6(?(\g+/0_$^:s'!)EH0=f.!3$^~æ  çs
(S/h#$^..(:8 0,$l0f! +?u|f32;<2fk0t+?.]$(?! +?u32;0X$^]$^/05b5+?
! +?u32;?=]$^(,-b5+:Y
W$^æ Á çåsD=+(P ï@H ï2fNn9ðA 0/00+k1/0-QB=g+(4+,-AÅ3Y  YdÅx.'f(W& +0(W/(g+/ow$l<on$k?(S/0.(t! 0<! 1! +t8.'g+(_$l+ (<! 1Q±5+./00MfY
»7~ · ­'¬ ÌP¹ Ñ;h´
; ³ = þ











wý;ÿUö öõcZÿvþ?M A ú A ψ wý;ÿBöE öõcZÿvþ?M A  Q




TφTψ = Tφ1Tψ + Tφ2Tψ = Tφ1Tψ + Tφ2ψ,

Tφψ = Tφ1ψ + Tφ2ψ.D0
TφTψ = Tφψ =⇒ Tφ1Tψ = Tφ1ψ.TD(
Tφ1ψ = TψTφ1.<f32
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¯+1%5.	-§µê §µ÷,61),.
X$^Uæ Á Åçslmfmf,,-+m05g+(+g+L)</`$<2f,,~ w$lon9ogK! +mf.'g+($^+(








fâ R +\?/h#e,~&/0"! ?u|f32;<!3$^ L2([0, 1], rdr) YG±$b5! "2;f,-,6 w$lon9og"!9+?f.'g+($^+(<b5]$^=,-rf4+X$Agg1! g\Z\)












!3$^Wæ Á Åçskrfgg+(_$^/0+5B2+98! ~æ +Ç ç'H/+H0,-./0oa3+5:Y9?U$+nkK2_=0]`2{!9
.(g++k+(U/+U(0S=g+(4+,-+?! æ :Ç çY
Ñ*;`Éµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½spc¯J¸]ºN²V~c­ÌÍ­]Ë<9ªJ¹tº 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Γ(z/2δ + a(k))Γ(z/2δ + b(k))




wýwÿ"õ0öC+úE ùÿØþåúE >=<ö^û~ûö Q q56üõ A ýU1õOwýù_úE ý;ÿö ]ÿLwý¡`öõJ@ ]ÿ a(k) = k/2δ U
b(k) = (m+ δ − k)/2δ U c(k) = (2δ − k)/2δ U{ÿ d(k) = (k + δ +m)/2δ Q
»7~ · ­'¬ ÌP¹ Ñ;|ÉB;`É·= úlþØÿ
ψk(r) A  _C+úE ùÿØþåúE H_úE[ øXý A  [0, 1) üú A Wÿú A ÿ k ∈ Z UÿL+õõO7M A 
ψ̂k(z) =
Γ(z/2δ + a)Γ(z/2δ + b)










ý:úE ]ÿmù_ú^û~ûIX÷kö ý?õJªj¢ ø_úEtwûI ÈPQ Ö Q ÇU	ý:öÿØþ|ýVC+úE 3ÿjõ0ö6ù_úE ÷^þÿvþåúE  a+
b−c−d = −1 ÿ δ ∈ N Q Dõ0úE_ý ψ̂k wý;ÿ A  B*C+ú ùÿvþåú -öÿvþåú 
 B+õ|õOSýwþÿJý A õO;û\@ ]ÿýwþFõzF A  A÷KwýµM A öE 3ÿvþØÿøwý a− c UKú A a− d UBú A b− c UKú A b− d wý;ÿ A  4@ ]ÿvþ?[ Q q"öE ýù-ù_öNý
ψ̂k
wý;ÿ A  {CúE ùÿvþhúE Ø_ö^ÿvþåúE 




















 î Ò ­{ÌÓÌ¯c«:¸«l²`Ô±²`« · ®±¹tº­ ¶L· ¬N¸«:¹9¯±¬lº-®J¹»K­¹ ¶m¼ ²`«:½
»7~ · ­'¬9ÌÍ¹ Ñ*;`ÉB; Î = ú^þØÿ
ψk(r) A  B_C+ú ùÿvþåú 4H_ú@ {øXý A  [0, 1) ü3ú A ÿú A ÿ k ∈ Z UM A þº`ø@wþÄ]{7
ψ̂k(z) =
Γ(z/2δ + a)Γ(z/2δ + b)












ý+úE ]ÿù_úlûAû\Ó÷köE ýPõJþªj¢ø_út;û\ ÈPQ Ö Q Ç Q¯R   ý A ükü3úNýlM A  3þ
a− c U* 3þ a−d U* 3þ b− c ÿ& 3þ b−d wý;ÿ A  n@ ]ÿØþ?@ Q Xõ0úwýDõ0ö1ý:úõ A ÿvþhúE  ψk Gþ|ý;ÿLü3ú A 1ÿú A ÿ k > 0 ÿ$±õ0öCúEwûIý A þ`öE ]ÿx
ψk(r) = c[h(r





(s− t)c1−a−1(1− s)d1−b−1sb−c1 ds,
öE`h_ù
c1 = c+ [k/δ]
U


























./00M1b5]$^=,-rf4+<! W.'f nff0(?! g:! 0(1! +U(g+/ow$lS(S! +S.'g+(_$l+(\<!9
Q±t./oM1! t,~&'/+S&0+./ ?rg+g+(_$^98	Y
mF¹9ÌÓÌÍ¹ Ñ*;`ÉB;0Ñ = ú^þØÿ









TeipθφTψ = TψTeipθφ ⇐⇒ TeipθφTeikθψk = TeikθψkTeipθφ, ∀k ∈ Z.











k ≤ −n− 1
anφ̂(2n+ 2k + p+ 2)ψ̂k(2n+ k + 2)z






k ≤ −n− p− 1
bnψ̂k(2n+ k + 2p+ 2)φ̂(2n+ p+ 2)z
n+k+p  k ≥ −n− p,
fâ
an = 2(n+ k + p+ 1)2(n+ k + 1)






















〈TeipθφTψzn, zm〉 = 〈TeipθφTei(m−n−p)θψm−n−pzn, zm〉, é ÅY Äã





m 6= k + n+ p
〈TeipθφTei(m−n−p)θψm−n−pzn, zm〉






m 6= k + n+ p
〈TeipθφTψzn, zm〉






m 6= k + n+ p
〈Tei(m−n−p)θψm−n−pTeipθφzn, zm〉






m 6= k + n+ p
〈TψTeipθφzn, zm〉

m = k + n+ p.@K:2.( nk?b5 fsf
TeipθφTψ = TψTeipθφ
$^/(p.'(L F2f. /
(m,n) ∈ N×N?.'f (Sf9
k ∈ Z s $zá
〈TeipθφTeikθψkzn, zm〉 = 〈TeikθψkTeipθφzn, zm〉,
]Ö Ò ­{ÌÓÌ¯c«:¸«l²`Ô±²`« · ®±¹tº­ ¶L· ¬N¸«:¹9¯±¬lº-®J¹»K­¹ ¶m¼ ²`«:½
<!9f32
TeipθφTeikθψk = TeikθψkTeipθφ, ∀k ∈ Z.RUg:20.(\9b5+,+5Nst{.'(Kf 
k ∈ Z s TeipθφTeikθψk = TeikθψkTeipθφ s $/0f(\U.]$^(\2/00+(".'( 62./0
(m,n)
!	#d+5+(\".'0u|:sJ
m = k + n + p
scf
f&90+5"á
〈TeipθφTei(m−n−p)θψm−n−pzn, zm〉 = 〈Tei(m−n−p)θψm−n−pTeipθφzn, zm〉.6#eâcsrf(2-$98g:b5]$l0 é ÅY Äã  é ÅY Çkã s.'(X 12./ (m,n) ∈ N × N sf$zá
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0?!	#e03! 2?.'00u	!3$^p/|$W! g:2,-.'fo0f-.'f/`$0(?! 
ψ
Y5X$F2S+:sf
$+nkf D& +t!3$ æ Á Åçj.(\+,-0+(<(g+/ow$lXb5m$^ê-(,~b5 ~! +98f.'g+($^+(
! KQ±t./oMKb5]$^0=,-rf4+ +mf"(\0nt|$^986! 5m/0+Õ!9+rf(\g+mH5m.3$m! H,-q+,-
rfs.'+ nf+5pZ\$^,$^?2,-,~ +(:Y














_ý;ÿ  A õõO~ú A ψ wý;ÿ¹  A õ|õO Qd5efhgji
flkFOt
TeipθφTe−isθψ = Te−isθψTeipθφ$/0(S.'f(Uf 




6#eâcs3!	#$^.(4?/01Gc+,-,-1Ã Y Á Y Á s.'(Uf ?50+(
n ≥ 0 s$xá
φ̂(2n+ p+ 2)ψ̂(2n+ 2p− s+ 2) = 0  n ≤ s− 1, é Å3Y Æ5ã











D/h#eg:b5]$l0 é ÅY Ækã s	Ó! g:! o6b5 -.'(f 1+k0+( n0 ≤ s − 1 /L;89\1o
(nk)k≥0
! ga301.]$^(




φ̂(2nk + p+ 2)ψ̂(2nk + 2p− s+ 2) = 0. é ÅY lã
CL{Ns0
n0 ≤ s− 1
+/cb5-á
φ̂(2n0 + p+ 2)ψ̂(2n0 + 2p− s+ 2) = 0.
I/n95<b5-á
φ̂(2n0 + p+ 2) = 0

ψ̂(2n0 + 2p− s+ 2) = 0.
Ot
φ̂(2n0+p+2) = 0 é (+.cY ψ̂(2n0+2p−s+2) = 0 ã $^/(:sN+6.'w$^5 n1 = n0+sé (+.cY n1 = n0 + p ã ~+(+,-./`$	:$^5A!3$~/h#dg:b5]$l0f é Å3Y :Úkã n .]$( n1 s±f& +k"á
φ̂(2n1 + p+ 2)ψ̂(2n1 + 2p− s+ 2) = cn1φ̂(2n0 + p+ 2)ψ̂(2n1 − s+ 2).
é (+.cY φ̂(2n1+p+2)ψ̂(2n1+2p−s+2) = cn1φ̂(2n1+p−2s+2)ψ̂(2n0+2p−s+2) ã@K,-,-
φ̂(2n0 + p+ 2) = 0 é (\+.cY ψ̂(2n0 + 2p− s+ 2) = 0 ã s /n95<b5-á




0+(p.'fo0upnkg(oa'$kH/h#dg:b5]$l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f é ÅY lã YkDS./0F0/3+\F0,-./0<!9Snff0(Fb5S.'(f9
k ≥ 1 s
2nk + 1 ≤ 2(n0 + kp) ≤ 2(k + 1)p,2:$(












E1 := {k ∈ N : φ̂(2nk+p+2) = 0}

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Ð1¬N­ ¶ ­'ºN²`«l²|­ª Ñ*;`ÉB; × = ú^þØÿ
eipθφ A  B,C+úE {ùÿvþåúE ÅM A ölýwþw¢úlûúWvt[ B¡H_úE[ ø7÷K7÷Kxv	ø
p > 0
ÿLý+ú^þØÿ
ψ A  B¹C+úE {ùÿvþåúE nök÷^þåöõO7H_úE[ ø Q = þ Teipθφ ù_ú^û~û A ÿLAö`h_ù Tψ öõ0úwý ø_ùwý_ý+ö^þW;ûI@ 3ÿ
φ = 0
ú A ψ wý;ÿBù_úE ýwÿöE ]ÿL Qd5efhgji
f>k1Ot
TψTeipθφ = TeipθφTψ
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(A 
+5+(
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n ∈ Ec s$zá












Ñ*;`Éµ-¶L· ¬N¸ «N¹9¯±¬lº®±¹»K­¹ ¶j¼ ²`«:½spc¯J¸]ºN²V~c­ÌÍ­]Ë<9ªJ¹tº ´9Ùc´
!3$S/å#dg:b5]$l0f é ÅY  Å ã s n = n0 + p 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(2n0 + 4p+ 2)ψ̂(2n0 + 4p+ 2) = (2n0 + 2p+ 2)ψ̂(2n0 + 2p+ 2)
= (2n0 + 2)ψ̂(2n0 + 2).
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k ≥ 1 á




(2n0 + 2)ψ̂(2n0 + 2)
s5/]n90+5Bb5D.'(
f9?+50+(
k ≥ 1 á
ψ̂(2n0 + 2kp+ 2) =
C
2n0 + 2kp2
= C1̂1(2n0 + 2kp2).
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eikθψk(r) ∈ L∞(D, dA)
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eikθψk(r) ∈ L∞(D, dA)
+/0/0"bk
TφTψ = TψTφ
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k ∈ Z s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TφTeikθψk = TeikθψkTφ.
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TeipθφTeisθψ2 = Teisθψ2Teipθφ.D/0f(\S.'f(Uf ?50+(
n ≥ 0 s$xá
φ̂(2n+ p+ 2s+ 2)ψ̂1(2n+ s+ 2) = cnφ̂(2n+ p+ 2)ψ̂1(2n+ 2p+ s+ 2),








E := {n ∈ N : φ̂(2n+ p+ 2)φ̂(2n+ p+ 2s+ 2) 6= 0}.
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2n0 + 2kp+ 1
=∞ 2:$^( ψ1 +\6..'g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k ∈ F s/h#dg:b5]$l0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1b5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r̂sψ1(2n0 + 2)r̂sψ2(2n0 + 2kp+ 2) = r̂sψ1(2n0 + 2kp+ 2)r̂sψ2(2n0 + 2),
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ψk = 0
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j=0 φ̂(2k + 2jp+ p+ 2)∏n−1
j=0 1̂1(2k + 2jp+ 2p+ 2)
zk+np.
d5efhgji
flkp6#$^.(4+S/1Gc+,,-1Ã Y Á Y Á s.'(U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k ∈ N s$xá
Teipθφ(ξ
k)(z) = 2(k + p+ 1)φ̂(2k + p+ 2)zk+p.
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2(k + jp+ p+ 1)φ̂(2k + 2jp+ p+ 2)
]
zk+np.
O $2_=]$k<b5.'f (U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0 ≤ j ≤ n− 1 s
2(k + jp+ p+ 1) =
1
1̂1(2k + 2jp+ 2p+ 2)
,







j=0 φ̂(2k + 2jp+ p+ 2)∏n−1






U( ú A ýù_úE  ýwþå÷kø@úE ýsM A  (Teipθφ)0 = I úEÆ I wý;ÿõGF ú_ü3ø@öÿL A þå÷K@ 3ÿvþØÿøA÷X L2a(D) Q
?f <(_$^..'+/:s{)A(_$+nk(</01=g+f(\4+,-"on$5:s]/0+<(\g+ /0_$^<++k0+/D! 
2_=]$. 0(1.(\g:2g:! +kNY
»7~ · ­'¬ ÌP¹Í³ ;h´
; Î = úlþ?@ ]ÿ
p A  Ï@ ]ÿvþ?[ý;ÿ^;þhùÿL;û\@ ]ÿFü3úlýwþØÿvþ CWU φ A  lª*cC+úE ùÿØþåúE 
_ök÷lþåöõO {úE "  A õõJN;ÿ ψ(reiθ) = +∞∑
k=−∞
eikθψk(r) ∈ L∞(D, dA) Q XõoúE_ý7












S ≡ T YG±$X. (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an+sbn = anbn+p. é Â Y Nã













































÷K A _CúE ùÿvþhúE ýSöE {öõcZÿvþuM A wý,HúE@ {øwýFý A UõJ<÷X;ûAþVüõ0öE 
Π = {z ∈ C : <z > 2} ;ÿ5 {úE  þå÷K@ 3ÿvþ?M A ;ûI@ 3ÿ5  A õõJwý Q = F þvõGþ|ý;ÿL A  @ ]ÿvþu@
p ∈ N ÿL+õ*M A 
F (z)G(z + p) = F (z + p)G(z), é Â Y Ákã
öõ0úE_ý
F ≡ G.









n = 0, . . . , k−1,ff& 0+5?/0+
k
g+b5]$^Son$k+<)A_$+nkf0(1á
F (z)G(z + p) = F (z + p)G(z)
F (z + p)G(z + 2p) = F (z + 2p)G(z + p)YYY
=
YYY
F (z + (k − 1)p)G(z + kp) = F (z + kp)G(z + (k − 1)p).
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z0 ∈ Π+/Jb5 
G(z0) 6= 0
Y'Oto




<( 1|z0 + kp|
) =∞,















k ∈ Ec sk/å#dg:b5]$l0f é Â YeÃ ã,-./0b5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(F − cG)(z0 + kp) = 0
.'f(K 
k ∈ Ec ?!9f32.]$(S/01QU=gf(\4+,-1ÃY Á Y Â s
F − cG = 0 ( Π hYdfY F ≡ G Y
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k ∈ N $xá
φ̂(2k + p+ 2s+ 2)
1̂1(2k + 2p+ 2s+ 2)
ψ̂(2k + s+ 2)
1̂1(2 + +2s+ 2)
=
φ̂(2k + p+ 2)
1̂1(2k + 2p+ 2)
ψ̂(2k + 2p+ s+ 2)
1̂1(2k + 2p+ 2s+ 2)
.
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k ∈ N .'f-á
ak =
φ̂(2k + p+ 2)
1̂1(2k + 2p+ 2)

bk =
ψ̂(2k + s+ 2)
1̂1(2k + 2s+ 2)
,
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6)zá
ak+sbk = akbk+p.6#e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f 
























1̂1(z + 2js+ 2s)
s−1∏
j=0





1̂1(z + 2jp+ 2p)
p−1∏
j=0
ψ̂(z + 2js+ s).
Gp#eg:b53$^0 é Â YdÅ ã +\D$^/(Sg:b5on$/0+k6)zá
F (2k + 2)G(2k + 2p+ 2) = F (2k + 2p+ 2)G(2k + 2), ∀k ∈ N.6#eâcs3!	#$^.(4?/01QU=g+(4,-"Ã Y Á Y Â s
F (z)G(z + 2p) = F (z + 2p)G(Z),
.'(U 
z ∈ Π.$05+]$kNs3/"Gc+,-,- Â Y  Y%È-0,-./0b56bk
F ≡ G ( Π s3.]$^(\2/00+(<.'( 
k ∈ N $xá
∏s−1
j=0 φ̂(2k + 2jp+ p+ 2)∏s−1
j=0 1̂1(2k + 2jp+ 2p+ 2)
≡
∏p−1
j=0 ψ̂(2k + 2js+ s+ 2)∏p−1
j=0 1̂1(2k + 2js+ 2s+ 2)
,
























³ ;v´ Ð"¯j²º:º+¸'ªJ°f¹9º® ¾ ­ ¶Õ· ¬:¸«:¹9¯±¬lº-®±¹»H­	¹ ¶m¼ ²`«:½np	¯J¸]ºN²V~J­{ÌÍ­]Ë<9ªJ¹9º ´'´]´
o¹9ÌÍ¸]¬p	¯J¹Í³ ;v´




ý:úE 3ÿHÿú A ý"õJwý~÷K A I øxvköÿvþÄCý5ÿpý_þ
TeipθφTeisθψ = TeisθψTeipθφ,öõ0úE_ýBü3öEBü3öNý_ý:öv7±õzF ök÷³»+ú^þ ]ÿVUKúE ÓúKHÿvþu@ ]ÿ
















G±$.(.'fo0f onf$^5Í.'+(,! *! g:! 0(*bkÍ! +98 f.'g+($^+(! 
Q±t+./0oMKb5]$^=,-r4++Õ2;f,-,6 +5±j5/0K! +r(gHb5]$^=,-rf4B! ".(\+,-0+(
+S,6/o0./1! ! +r(g"!9:2;f3!$/0(?u|f(2g+,-+5S/.(+,+(Uf.'g+($^+(S+\
1. _$2"! ! +98 04+,-Y
Ð1¬N­ ¶ ­'ºN²`«^²|­{ª ³ ;h´
























k ∈ N s f.'
ak = 2(k + ps+ 1)φ̂(2k + ps+ 2)

bk = 2(k + s+ 1)ψ̂(2k + s+ 2).


















)p ⇐⇒ ak =
p−1∏
j=0









k ∈ N, é Â Y Âfã
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¬N¸3°5²ØªJ¹tº-® ¾ ­ ¶Õ· ¬N¸«:¹9¯±¬lº-®J¹»K­¹ ¶m¼ ²`«:½



























CL a3cs ?r(2"$@Hf(\f/0/`$0("Ã Y Á Y%È s$A.'(U 









k ∈ N á
2(k + ps+ 1)φ̂(2k + ps+ 2) =
∏p−1
j=0 ψ̂(2k + 2js+ s+ 2)∏p−1
j=0 1̂1(2k + 2js+ 2s+ 2)
.

























; rq"öE  ý<õ0öÀú_ü3úlýwþØÿØþåúE  ÈPQ Ö Q Ú¬Uj ú A ýDöE`úE ýUûúE ]ÿ^øM A Uýwþ p wý;ÿA  l[ ]ÿvþ?@Wý;ÿ^wþåù;ÿL;ûI@ 3ÿcü3úlýwþÿvþÄCWULýwþ φ A  B-ª* CúE ùÿvþhúE "ök÷^þåöõO úE þå÷K@ 3ÿvþ?M A ;ûI@ 3ÿ  A õ|õOµÿmý
F þvõDþ|ý;ÿx A  BIª* CúE ùÿvþhúE Î_öf÷^þåöõO ψ ÿL+õõOµM A  Tψ ù_ú^û~û A ÿL6ö`h_ù Teipθφ
³ ;`É o¸3°5²ØªJ¹tº-® ¾ ­ ¶L· ¬N¸«:¹9¯±¬lº®±¹»H­	¹ ¶j¼ ²|«:½spc¯J¸3ºN²^~c­ÌÍ­]Ë<9ªJ¹tº ´'´ ³
öõ0úE_ý ø_ù_ý_ý:ö^þW;û\@ ]ÿ
ψ
wý;ÿFù_úE ý;ÿöE ]ÿL Q Ý ù;þ& {ú A ý1öõõ0úE ýW_÷kø;ûúE ]ÿV@<ýøwý A õÿöÿ@  A ÿvþØõþ|ý:ö ]ÿKõOwý6÷K A üP_úü3úlýwþØÿØþåúE ýKüPø_ù_ø_÷K@ ]ÿxwý QD½  l^ÂÿLýwþ
TeipθφTψ = TψTeipθφ,








= ökù[¢öE 3ÿM A  (Teipθφ)0 = I Upöõ0úE_ý (Tψ)p ≡ I Q  Íö^þ`ý1ú Aü
 A ÿÕÿú A »:ú A _ýø_ù@;þwM A 




qnF úEÆ:UB÷F öüPt_ý"õoöNÀú_ü3úNýwþØÿvþåú  Q Ç QBA
Tψ ≡ I.
q6ú ù
ψ ≡ 11 UÕü A þ`ýM A õGF þå÷K@ 3ÿvþØÿø I  DF wý;ÿWö A ÿ^W1M A õGF ú_ü3ø@öÿL A z÷K"ª'úüõ%þØÿ«z÷Ký[ZûIH_úõO
11 Q
Þ¯W C0%5S61),.¦/4à³§µ"!$#&%('*),+-#&. /1) ¥Ã§¯)$¨['*© ¯+1%5.	1§ã
ê §µ÷,61),.
?f Unk+?! Xnk(+s])"(_$+nk+(\U/|$L(\f.'00f Â Y  YdÅ3sb5 
Teipθφ

















= Teipθφ,$/0f(\?!	#$^.(4+S/01Gc+,-,- Â Y  Y  s /h#e.'g+(_$l+ (
Tf
+\Sg:2+_$^(\+,-+5?b5]$0=,-i

















´]´9î Ð"¯j²º:º+¸]ª±°f¹tº¹k«¬N¸3°5²ØªJ¹tº-® ¾ ­ ¶Õ· ¬N¸«:¹9¯±¬lº-®J¹»K­¹ ¶m¼ ²`«:½
8 ·:9 ªj²`«^²|­{ª³ ;`ÉB;h´>= ú^þØÿ
φ A  B-ª* C+úE {ùÿvþåúE "ök÷^þåöõJµ úE þå÷K@ 3ÿvþ?M A ;ûI@ 3ÿ  A õõONÿý:ú^þØÿ
p A  r@ ]ÿvþu@ý;ÿ^;þhùÿL;û\@ ]ÿXü3úlýwþÿvþÄC Q\R   ÷^þØÿ¡M A  Teipθφ ök÷^ûI;ÿ A  BÏª* pième_öfù;þ B[UÕý
































qsF úEÆ÷F ö_üPWtwý1õ0öNÀ_úü3úlýwþØÿvþhúE  KQ Ç QBA
Teiθψ = Teiθ eψ.
q"úE ùUB÷F öüPt_ý"õOUüú^þ ]ÿ ¼ þ`a7÷K6õ0öÀú_ü3úNýwþØÿvþåú "Ö QÒÌ:Q ÇU ψ = ψ̃ Q¼ þ|þca  ú A ýÓöE`ú ý A  B÷køV]_ 3þØÿvþhúE  öE öõ0úWv A ÷K*õoöª pième ökù;þw B7ü3ú A ÍõOwýú_ü3ø[_öÿx A _ý*÷Kþª]úüõþÿ«lM A ölýwþÍ¢ú^ûúWvt@ BwýÍ÷KÓ÷Kxv	ø" øxvköÿvþÄC Q = þ p wý;ÿ A  @ 3ÿvþ?@Sü3úlýwþÿvþÄC;ÿHýwþ
φ
_ý;ÿ A  Îª* CúE ùÿvþhúE ök÷^þhöõO-öõoúEwý ú A ý÷^þw_úE  ýNM A 
Te−ipθφ
ök÷^û\ÿ A  lª* pième ökù;þ ý






½  ü3öNý_ý:öE ]ÿ±õGF ök÷L»:ú^þ 3ÿ÷köE ý7ùÿhÿLz÷K@[ 3þut@zøxv5öõþØÿø[U, ú A ý¯ {ú A ý¯W@ ÷fúE ýù_ú^û<ü{ÿL4M A  Te−ipθφ ök÷^ûI;ÿ A  BÅª* pième _ökùwþ BýwþN;ÿ6ý A õJ;ûI@ 3ÿ6ýwþ1ý:úE ök÷L»:ú^þ 3ÿ
Teipθφ





















³ ; Î4o · ºN¯ ¼ «:¸«Nº ¶ ¬^²Øª±°k² ¶ ¸'¯jõ ´'´ ×
?f L$+nkj 0/0gB2\H,-g= 9! H.'f(±( nk+(j/0+m! +98";8 +,-./0+mon$k:Y














































(f pb5U .'g+(_$l(p! SQJt+./0oMSb5]$^=,-rf4
Teipθφ
$! ,-LSQHi











»7~ · ­'¬ ÌP¹Í³ ; Î ;v´>= úlþ?@ ]ÿ




eikθfk(r) ∈ L∞(D, dA)
ÿL+õõO7M A 
TeipθφTf = TfTeipθφ,öõ0úE_ý
¼ þca fk = 0 üú A 1ÿú A ÿ k < 0 Q¼ þþca = þ k ≥ 0 ÿcýwþ (Teiθψ)k wý;ÿ A  úü3ø@öÿL A D÷Kª]úüõþÿ«Wöõ0úE_ýXú A H;þ?@  fk =
0
ú A H;þ?@  Teikθfk ≡ (Teiθψ)k Q¼ þþþba = þ k ≥ 0 ;ÿUýwþ (Teiθψ)k  DF wý;ÿmü3ölý A  ú_ü3ø@öÿL A ÷X"ª]úüõþÿ«7öõ0úE_ý {ø¬ùwý_ý:ö^þW;û\@ ]ÿ
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í .]$(}0(X! +W2:$^/2/0X:2_=b5+XW$\3298!W)ï@K ï2fNn9ð6R?$^Pæ +Ç çs1f,,-+"$^((onkg+")z.' nk0(6$lê(\,-+(b5.'f(W 1+k0+(
p ≥ 1 f +5+(
m ≥ 0 sp/å#df.'g+($^+(7! Q±t+./0oM Teipθrm $! ,fZ[f (QHi pième(_$20fY
»7~ · ­'¬9ÌÍ¹P³ ; Î ;|É= ú^þ?[ ]ÿ
p ≥ 1 ÿ m ≥ 0 ÷K A \[ ]ÿvþ?@_ý Q ÀUú A Dÿú A ÿ¹@ ]ÿvþ?@ s ÿL+õM A  1 ≤ s < p Upþvõ*Gþ|ý;ÿL A  B¹C+úE {ùÿvþåúE n_ök÷lþåöõOHúE@ {ø ψ ÿx+õõOM A 









/0+?! +98xu32;0?(_$! `$/0+<! ga3 +?.3$(




rsψ = f ∗M g.
³ ; Î4o · ºN¯ ¼ «:¸«Nº ¶ ¬^²Øª±°k² ¶ ¸'¯jõ ´'´ 
Gj$u|f32;
ψ
sm$0B! ga30fsJnkg+(oa37/h#eg:bk]$^ é Â Y Ækã H~/,-+5~H.'(f9




2#e+\\i[)Ni! (\fs !#$^.(4+B/0WGc+,-,-XÃ Y Á Y Á st;U+/0+,-+kU{.'(K 
k ∈ N stfx$
2k + 2p+ 2
2k +m+ p+ 2
r̂sψ(2k+ 2p+ 2) =
2k + 2s+ 2
2k +m+ p+ 2s+ 2
r̂sψ(2k+ 2). é Â Y +Ú5ã
j(U 
k ∈ N s f$zá




r2s(1− r2p)− sp r2k+1 dr
∫ 1
0















2p (1− t) sp−1 dt
= B












, é Â Y fNã
fâ
B






r̂sψ(2k + 2p+ 2) = B













é Â Y :ÁfãOtfo
Γ










































´9É]Ù Ð"¯j²º:º+¸]ª±°f¹tº¹k«¬N¸3°5²ØªJ¹tº-® ¾ ­ ¶Õ· ¬N¸«:¹9¯±¬lº-®J¹»K­¹ ¶m¼ ²`«:½
O $2_=]$k<b5.'f (U 
z
+/Jb5  <z > 0 s$
Γ(z + 1) = zΓ(z),
$/0(1á
B
























2k + 2s+ 2

















2k + 2s+ 2
2k + 2p+ 2
B















2k +m+ p+ 2
2k +m+ p+ 2s+ 2
B







I/9n90+5p!9f32s!	#%$. (4+Õ/+L! +98~g:b53$^0 é Â Y lã  é Â Y NÁfã sb5B.'(mf9 k ∈ N
r̂sψ(2k + 2p+ 2) =
(2k + 2s+ 2)(2k +m+ p+ 2)
(2k + 2p+ 2)(2k +m+ p+ 2s+ 2)
r̂sψ(2k + 2),
21b5	+Sg:b5on$/0+5D)~/å#dg:b5]$l0f é Â Y :Úkã Y

o¹9ÌÍ¸3¬pc¯J¹P³ ; Î ; Î ¼ þca y ú^û~ûIKõGF ú_üø@_ö^ÿL A  Teipθrm ù_ú^û~û A ÿLUöE`h_ùKõ A þ]û\;û\öõoúEwýXýwþ
s = p
õ0öÀú_ü3úlý_þØÿvþåúE  ÈPQ Ö Q ÇKÇþ|ûDüõ%þ?M A  ψ ≡ rm Q¼ þ|þca = þ m = (2n + 1)p ü3ú A  A  Å@ ]ÿvþu@ n ∈ N öõ0úE_ýõoöCúE ùÿvþhúE  ψ þ`ý;ÿLü3ú A Dÿú A ÿ@ 3ÿvþ?@ s ∈ N QP½  n^ÂÿUÕõGF øM A ö^ÿvþåúE  ¼DQ ÇXÊWaNÿLõO y úE_úõõ0ö^þw Ì:Q Ö QFEþû<üõþuM A M A Uü3ú A 1ÿú A ÿ z ∈ Π = {z ∈ C : <z > 2}





























³ ; Î4o · ºN¯ ¼ «:¸«Nº ¶ ¬^²Øª±°k² ¶ ¸'¯jõ ´ É	´
½  *ö_üküõ%þåù_öE ]ÿUHõGF þh÷K@ ]ÿvþÿø Γ(z + 1) = zΓ(z) UKúE *ö
F (z) = 2p
∏n−1
j=0 (z + 2jp+ 2p)∏n
j=0(z + 2jp+ 2s)
.
 Íö^þ ]ÿx@ öE ]ÿUúE Ë`úlþØÿ¡M A  F (z) wý;ÿ A  BCökùÿvþåú ü<_úüPl@  z ü A þ`ýM A õO\  A ûø@_ö^ÿL A 1wý;ÿ A  ü3úõcZ	 G^ûIx÷Kx÷Xxv	ø n ÿXõOx÷kø@ {ú^ûAþ {öÿL A -wý;ÿ A  ü3úõcZ	 G^ûI÷K÷Kxv	ø







z + 2jp+ 2s
.
= ökù[¢öE 3ÿ$M A Uü3ú A 1ÿú A ÿ 0 ≤ j ≤ n
1


















W$^U/|$60fs S. (g++5fS! +S2g+b5+32+SS! +?$../02:$^Skg;i
(+_$5+?! QU=g+(4+, Â Y%Ã Y Á Y





)p ≡ Teipsθrm .
d5efhgi
f£kWOt5
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<f32s3!	#%$. (4+S/|$L(.'fo0 Â Y  Y Ç s$
(
Teisθψ
)p ≡ Teipsθrm .
V?-$^ (\B(g+/ow$lL.'o0u](m/0U.(\9! op!	#e.'g+($^+(p! UQ±5+./00MU+\p! g
.]$^(S/12;f(\f/0/`$0(1on$5:Y
Ò ­{¬N­ ¼Ø¼ ¸'²¬N¹P³ ; Î ; ³ = ú^þu@ ]ÿ
m ≥ 0 ÿ p ≥ 1 ÷K A É[ ]ÿvþ?@_ý Q = þ6õGF ú_ü3ø@öÿL A P÷Kª'úüõþØÿ«
Teipθrm
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Résumé : Le sujet de cette thèse est l'étude des produits d'opérateurs de Toeplitz, aussi bien
ceux dénis sur l'espace de Hardy du cercle unité que ceux dénis sur l'espace de Bergman du
disque unité. Les deux questions soulevées dans mon travail sont les suivantes :
1) Sous quelles conditions le produit de deux opérateurs de Toeplitz est-il un opérateur de
Toeplitz ?
2) Sous quelles conditions le produits de deux opérateurs de Toeplitz est-il commutatif ?
Pour chacune de ces deux questions, nous commençons par rappeler les travaux antérieurs avec
tout ce qu'ils nécessitent comme outils techniques, puis nous exposerons notre contribution dans ce
domaine. Notamment, nous donnons des conditions nécessaires et susantes pour que le produit
de deux opérateurs de Toeplitz quasihomogènes soit encore un opérateur de Toeplitz. De plus,
nous caractérisons les opérateurs de Toeplitz bornés qui commutent avec un opérateur de Toeplitz
quasihomogène. Pour motiver cette caractérisation, nous introduisons une nouvelle notion à savoir
la T-racine d'un opérateur de Toeplitz quasihomogène. Cette notion, nous permet de donner une
construction eective d'opérateurs de Toeplitz non triviaux dont toutes les puissances sont des
opérateurs de Toeplitz.
Mots clefs : Opérateurs de Toeplitz, Espace de Bergman, Espace de Hardy, Transformation
de Mellin.
Abstract : The subject of this thesis is the study of the product of two Toeplitz operators
those dened on the Hardy space of the unit circle as well as those dened on the Bergman space
of the unit disc. The two questions raised in my work are as follows :
1) Under which conditions is the product of two Toeplitz operators a Toeplitz operator ?
2) Under which conditions is the product of two Toeplitz operators commutative ?
For each of these two questions we start by discussing former work along with several technical
tools, then we explain our contribution to this domain. In particular, we give necessary and sucient
conditions for the product of two quasihomogeneous Toeplitz operators to be a Toeplitz operator.
Moreover, we characterize the bounded Toeplitz operators which commute with a quasihomoge-
neous Toeplitz operator. To motivate this characterization we introduce a new notion-namely the
T-root of a quasihomogeneous Toeplitz operator. This work enables us to give an eective construc-
tion of a non trivial Toeplitz operator whose powers are all Toeplitz operators.
Key words : Toeplitz operators, Bergman space, Hardy space, Mellin transform.
